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Abstract
The quantum gauge general relativity is proposed in the framework of
quantum gauge theory of gravity. It is formulated based on gauge principle
which states that the correct symmetry for gravitational interactions should
be gravitational gauge symmetry. The gravitational gauge group is studied in
the paper. Then gravitational gauge interactions of pure gravitational gauge
field is studied. It is found that the field equation of gravitational gauge field
is just the Einstein’s field equation. After that, the gravitational interactions
of scalar field, Dirac field and vector fields are studied, and unifications of fun-
damental interactions are discussed. Path integral quantization of the theory
is studied in the paper. The quantum gauge general relativity discussed in this
paper is a perturbatively renormalizable quantum gravity, which is one of the
most important advantage of the quantum gauge general relativity proposed
in this paper. A strict proof on the renormalizability of the theory is also given
in this paper. Another important advantage of the quantum gauge general
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relativity is that it can explain both classical tests of gravity and quantum
effects of gravitational interactions, such as gravitational phase effects found
in COW experiments and gravitational shielding effects found in Podklet-
nov experiments. For all classical effects of gravitational interactions, such
as classical tests of gravity and cosmological model, quantum gauge general
relativity gives out the same theoretical predictions as that of the Einstein’s
general relaitvity.
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1 Introduction
In 1686, Isaac Newton published his book MATHEMATICAL PRINCIPLES OF
NATURAL PHILOSOPHY. In this book, through studying the motion of planet in
solar system, he found that gravity obeys the inverse square law and the magnitude
of gravity is proportional to the mass of the object[1]. The Newton’s classical theory
of gravity is kept unchanged until 1916. At that year, Einstein proposed General
Relativity[2, 3]. In this great work, he founded a relativistic theory on gravity, which
is based on principle of general relativity and equivalence principle. Newton’s clas-
sical theory of gravity appears as a classical limit of general relativity.
One of the biggest revolution in human kind in the last century is the foundation
of quantum theory. The quantum hypothesis was first introduced into physics by
Max Plank in 1900. In 1916, Albert Einstein points out that quantum effects must
lead to modifications in the theory of general relativity[4]. Soon after the founda-
tion of quantum mechanics, physicists try to found a theory that could describe the
quantum behavior of the full gravitational field. In the 70 years attempts, physi-
cists have found two theories based on quantum mechanics that attempt to unify
general relativity and quantum mechanics, one is canonical quantum gravity and an-
other is superstring theory. But for quantum field theory, there are different kinds
of mathematical infinities that naturally occur in quantum descriptions of fields.
These infinities should be removed by the technique of perturbative renormaliza-
tion. However, the perturbative renormalization does not work for the quantization
of Einstein’s theory of gravity, especially in canonical quantum gravity. In super-
string theory, in order to make perturbative renormalization to work, physicists have
to introduce six extra dimensions. But up to now, none of the extra dimensions have
been observed. To found a consistent theory that can unify general relativity and
quantum mechanics is a long dream for physicists.
The ”relativity revolution” and the ”quantum revolution” are among the greatest
successes of twentieth century physics, yet two theories appears to be fundamentally
incompatible. General relativity remains a purely classical theory which describes
the geometry of space and time as smooth and continuous, on the contrary, quan-
tum mechanics divides everything into discrete quanta. The underlying theoretical
incompatibility between two theories arises from the way that they treat the geom-
etry of space and time. This situation makes some physicists still wonder whether
quantum theory is a truly fundamental theory of Nature, or just a convenient de-
scription of some aspects of the microscopic world. Some physicists even consider
the twentieth century as the century of the incomplete revolution. To set up a con-
sistent quantum theory of gravity is considered to be the last challenge of quantum
theory[5, 6]. In other words, combining general relativity with quantum mechanics
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is considered to be the last hurdle to be overcome in the ”quantum revolution”.
In 1921, H.Weyl introduced the concept of gauge transformation into physics[7,
8], which is one of the most important concepts in modern physics, though his
original theory is not successful. Later, V.Fock, H.Weyl and W.Pauli found that
quantum electrodynamics is a gauge invariant theory[9, 10, 11]. In 1954, Yang and
Mills proposed non-Abelian gauge field theory[12]. This theory was soon applied
to elementary particle physics. Unified electroweak theory[13, 14, 15] and quantum
chromodynamics are all based on gauge field theory. The predictions of unified
electroweak theory have been confirmed in a large number of experiments, and the
intermediate gauge bosons W± and Z0 which are predicted by unified electroweak
model are also found in experiments. The U(1) part of the unified electroweak
model, quantum electrodynamics, now become one of the most accurate and best-
tested theories of modern physics. All these achievements of gauge field theories
suggest that gauge field theory is a fundamental theory that describes fundamental
interactions in Nature. Now, it is generally believed that four kinds of fundamental
interactions in Nature are all gauge interactions and they can be described by gauge
field theory. From theoretical point of view, the principle of local gauge invariance
plays a fundamental role in particle’s interaction theory.
Gauge treatment of gravity was suggested immediately after the gauge theory
birth itself[16, 17, 18, 19, 20, 21]. In the traditional gauge treatment of gravity,
Lorentz group is localized, and the gravitational field is not represented by gauge
potential. It is represented by metric field. The theory has beautiful mathemati-
cal forms, but up to now, its renormalizability is not proved. In other words, it is
conventionally considered to be non-renormalizable. There are also some other at-
tempts to use Yang-Mills theory to reformulate quantum gravity[22, 23, 24, 25, 26].
In these new approaches, the importance of gauge fields is emphasized. Some physi-
cists also try to use gauge potential to represent gravitational field, some suggest
that we should pay more attention on translation group.
I will not talk too much on the history of quantum gravity and the incompati-
bilities between quantum mechanics and general relativity here. Materials on these
subject can be widely found in literatures. Now we want to ask that, except for tra-
ditional canonical quantum gravity and superstring theory, whether exists another
approach to set up a fundamental theory, in which general relativity and quantum
mechanics are compatible? In this paper, a new approach is proposed to consistently
unify general relativity and quantum mechanics.
In 1991, a completely new formulation of quantum gauge theory of gravity is
proposed By N.Wu [27, 28, 29, 30]. In this new attempt, the gravitational interac-
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tions are treated as a kind of fundamental interactions in flat Minkowski space-time,
not space-time geometry. So, in quantum gauge theory of gravity, the basic physi-
cal space-time is always flat. In this new approach, the unification of fundamental
interactions can be formulated in a simple and beautiful way[31, 32, 33]. If we use
the mass generation mechanism which is proposed in literature [34], we can propose
a new theory on gravity which contains massive graviton and the introduction of
massive graviton does not affect the strict local gravitational gauge symmetry of the
Lagrangian and does not affect the traditional long-range gravitational force[35].
The existence of massive graviton will help us to understand the possible origin of
dark energy and dark matter in the Universe. Quantum gauge theory of gravity can
be used to explain quantum effects of gravitational interactions, such as gravita-
tional phase effects in COW experiments[36, 37, 38], and the gravitational shielding
effects in Podkletnov experiments[39, 40, 41, 42].
In this paper, the quantum gauge general relativity is studied in the frame work
of quantum gauge theory of gravity. In all previous work of quantum gauge theory of
gravity, a very simple Lagrangian for pure gravitational gauge field is selected, which
is quite similar to that of ordinary SU(N) gauge field. As is discussed in literature
[30], the selection of the Lagrangian for pure gravitational gauge field is not unique,
which is quite a special case in gauge field theory, which originates from the fact
that many gravitational gauge invariant terms can be constructed from Minkowski
metric, pure gravitational gauge field and the field strength of gravitational gauge
field. Different selections of the Lagrangian for pure gravitational gauge field will
result in different models of quantum gravity. In this paper, another selection of the
Lagrangian for pure gravitational gauge field is adopted, that is, the scalar ”curva-
ture” R is selected to be the Lagrangian for pure gravitational gauge field. In this
new quantum gauge model of gravity, one of the most interesting thing is that the
field equation of the gravitational gauge field is just the Einstein’s field equation.
So, this model is called quantum gauge general relativity. In this paper, we try to
give a systematic formulation of the quantum gauge general relativity. So, for the
sake of integrity, we will repeat all important discussions in quantum gauge theory
of gravity, so that those readers who are not familiar with quantum gauge theory of
gravity can understand the whole paper without the help of other related literature.
Some discussions are just copied from literature [30]. The difference between the
model proposed in this paper and the model proposed in literature [30] is only that
they have different Lagrangian for pure gravitational gauge field, and therefore that
the dynamics for gravitational gauge field is different.
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2 The Transcendental Foundations
It is known that action principle is one of the most important fundamental principle
in quantum field theory. Action principle says that any quantum system is described
by an action. The action of the system contains all interaction information, contains
all information of the fundamental dynamics. The least of the action gives out the
classical equation of motion of a field. Action principle is widely used in quantum
field theory. We will accept it as one of the most fundamental principles in this
new quantum gauge general relativity. The rationality of action principle will not
be discussed here, but it is well know that the rationality of the action principle has
already been tested by a huge amount of experiments. However, this principle is not
a special principle for quantum gravity, it is a ubiquitous principle in quantum field
theory. Quantum gravity discussed in this paper is a kind of quantum field theory,
it’s naturally to accept action principle as one of its fundamental principles.
We need a special transcendental principle to introduce quantum gravitational
field, which should be the foundation of all kinds of fundamental interactions in Na-
ture. This special principle is gauge principle. In order to introduce this important
principle, let’s first study some fundamental laws in the fundamental interactions
other than gravitational interactions. We know that, except for gravitational inter-
actions, there are strong interactions, electromagnetic interactions and weak interac-
tions, which are described by quantum chromodynamics, quantum electrodynamics
and unified electroweak theory respectively. Let’s study these three fundamental
interactions one by one.
Quantum electrodynamics (QED) is one of the most successful theory in physics
which has been tested by most accurate experiments. Let’s study some logic in QED.
It is know that QED theory has U(1) gauge symmetry. According to Noether’s
theorem, there is a conserved charge corresponding to the global U(1) gauge trans-
formations. This conserved charge is just the ordinary electric charge. On the other
hand, in order to keep local U(1) gauge symmetry of the system, we had to introduce
a U(1) gauge field, which transmits electromagnetic interactions. This U(1) gauge
field is just the well-know electromagnetic field. The electromagnetic interactions
between charged particles and the dynamics of electromagnetic field are completely
determined by the requirement of local U(1) gauge symmetry. The source of this
electromagnetic field is just the conserved charge which is given by Noether’s theo-
rem. After quantization of the field, this conserved charge becomes the generator of
the quantum U(1) gauge transformations. The quantum U(1) gauge transformation
has only one generator, it has no generator other than the quantum electric charge.
Quantum chromodynamics (QCD) is a prospective fundamental theory for strong
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interactions. QCD theory has SU(3) gauge symmetry. The global SU(3) gauge sym-
metry of the system gives out conserved charges of the theory, which are usually
called color charges. The local SU(3) gauge symmetry of the system requires intro-
duction of a set of SU(3) non-Abelian gauge fields, and the dynamics of non-Abelian
gauge fields and the strong interactions between color charged particles and gauge
fields are completely determined by the requirement of local SU(3) gauge symmetry
of the system. These SU(3) non-Abelian gauge fields are usually call gluon fields.
The sources of gluon fields are color charges. After quantization, these color charges
become generators of quantum SU(3) gauge transformation. Something which is
different from U(1) Abelian gauge symmetry is that gauge fields themselves carry
color charges.
Unified electroweak model is the fundamental theory for electroweak interac-
tions. Unified electroweak model is usually called the standard model. It has
SU(2)L × U(1)Y symmetry. The global SU(2)L × U(1)Y gauge symmetry of the
system also gives out conserved charges of the system, The requirement of local
SU(2)L × U(1)Y gauge symmetry needs introducing a set of SU(2) non-Abelian
gauge fields and one U(1) Abelian gauge field. These gauge fields transmit weak in-
teractions and electromagnetic interactions, which correspond to intermediate gauge
bosonsW±, Z0 and photon. The sources of these gauge fields are just the conserved
Noether charges. After quantization, these conserved charges become generators of
quantum SU(2)L × U(1)Y gauge transformation.
QED, QCD and the standard model are three fundamental theories for three
kinds of fundamental interactions. Now we need to summarize some fundamental
laws of Nature on interactions. Let’s first ruminate over above discussions. Then we
will find that our formulations on three different fundamental interaction theories
are almost completely the same, that is the global gauge symmetry of the system
gives out conserved Noether charges, in order to keep local gauge symmetry of the
system, we have to introduce gauge field or a set of gauge fields, these gauge fields
transmit interactions, the source of these gauge fields are the conserved charges, and
these conserved Noether charges become generators of quantum gauge transforma-
tions after quantization. These will be the main content of gauge principle.
Before we formulate gauge principle formally, we need to study something more
on symmetry. It is know that not all symmetries can be localized, and not all sym-
metries can be regarded as gauge symmetries and have corresponding gauge fields.
For example, time reversal symmetry, space reflection symmetry, · · · are those kinds
of symmetries. We can not find any gauge fields or interactions which correspond
to these symmetries. It suggests that symmetries can be divided into two different
classes in nature. Gauge symmetry is a special kind of symmetry which has the fol-
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lowing properties: 1) it can be localized; 2) it has some conserved charges related to
it; 3) it has a kind of interactions related to it; 4) it is usually a continuous symme-
try. This symmetry can completely determine the dynamical behavior of a kind of
fundamental interactions. For the sake of simplicity, we call this kind of symmetry
dynamical symmetry or gauge symmetry. Any kind of fundamental interactions has
a gauge symmetry corresponding to it. In QED, the U(1) symmetry is a gauge sym-
metry, in QCD, the color SU(3) symmetry is a gauge symmetry and in the standard
model, the SU(2)L ×U(1)Y symmetry is also a gauge symmetry. The gravitational
gauge symmetry which we will discuss below is also a kind of gauge symmetry. The
time reversal symmetry and space reflection symmetry are not gauge symmetries.
Those global symmetries which can not be localized are not gauge symmetries ei-
ther. Gauge symmetry is a fundamental concept for gauge principle.
Gauge principle can be formulated as follows: Any kind of fundamental inter-
actions has a gauge symmetry corresponding to it; the gauge symmetry completely
determines the forms of interactions. In principle, the gauge principle has the fol-
lowing four different contents:
1. Conservation Law: the global gauge symmetry gives out conserved current
and conserved charge;
2. Interactions: the requirement of the local gauge symmetry requires intro-
duction of gauge field or a set of gauge fields; the interactions between gauge
fields and matter fields are completely determined by the requirement of local
gauge symmetry; these gauge fields transmit the corresponding interactions;
3. Source: qualitative speaking, the conserved charge given by global gauge
symmetry is the source of gauge field; for non-Abel gauge field, gauge field is
also the source of itself;
4. Quantum Transformation: the conserved charges given by global gauge
symmetry become generators of quantum gauge transformation after quanti-
zation, and for this kind of interactions, the quantum transformation can not
have generators other than quantum conserved charges given by global gauge
symmetry.
It is known that conservation law is the objective origin of gauge symmetry, so
gauge symmetry is the exterior exhibition of the interior conservation law. The
conservation law is the law that exists in fundamental interactions, so fundamen-
tal interactions are the logic precondition and foundation of the conservation law.
Gauge principle tells us how to study conservation law and fundamental interactions
through symmetry. Gauge principle is one of the most important transcendental fun-
damental principles for all kinds of fundamental interactions in Nature; it reveals
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the common nature of all kinds of fundamental interactions in Nature. It is also the
transcendental foundation of the quantum gravity which is formulated in this paper.
It will help us to select the gauge symmetry for quantum gravitational theory and
help us to determine the Lagrangian of the system. In a meaning, we can say that
without gauge principle, we can not set up this new renormalizable quantum gauge
general relativity.
Another transcendental principle that widely used in quantum field theory is the
microscopic causality principle. The central idea of the causality principle is that
any changes in the objective world have their causation. Quantum field theory is
a relativistic theory. It is known that, in the special theory of relativity, the limit
spread speed is the speed of light. It means that, in a definite reference system, the
limit spread speed of the causation of some changes is the speed of light. Therefore,
the special theory of relativity exclude the possibility of the existence of any kinds
of non-local interactions in a fundamental theory. Quantum field theory inherits
this basic idea and calls it the microscopic causality principle. There are several
expressions of the microscopic causality principle in quantum field theory. One
expression says that two events which happen at the same time but in different space
position are two independent events. The mathematical formulation for microscopic
causality principle is that
[O1(
→
x, t) , O2(
→
y , t)] = 0, (2.1)
when
→
x 6=→y . In the above relation, O1(→x, t) and O2(
→
y , t) are two different arbitrary
local bosonic operators. Another important expression of the microscopic causality
principle is that, in the Lagrangian of a fundamental theory, all operators appear
in the same point of space-time. Gravitational interactions are a kind of physical
interactions, the fundamental theory of gravity should also obey microscopic causal-
ity principle. This requirement is realized in the construction of the Lagrangian for
gravity. We will require that all field operators in the Lagrangian should be at the
same point of space-time.
Because quantum field theory is a kind of relativistic theory, it should obey
some fundamental principles of the special theory of relativity, such as principle of
special relativity and principle of invariance of light speed. These two principles con-
ventionally exhibit themselves through Lorentz invariance. So, in constructing the
Lagrangian of the quantum theory of gravity, we require that it should have global
Lorentz invariance. This is also a transcendental requirement for the quantum the-
ory of gravity. But what we treat here that is different from that of the traditional
quantum gravity is that we do not localize Lorentz transformation. Because gauge
principle forbids us to localize Lorentz transformation, asks us only to localize grav-
itational gauge transformation. We will discuss this topic in details later. However,
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it is important to remember that global Lorentz invariance of the Lagrangian is a
fundamental requirement. The requirement of global Lorentz invariance can also be
treated as a transcendental principle of the quantum theory of gravity.
It is widely known that the priori foundations of general relativity is the equiv-
alence principle and the principle of general covariance[2, 3, 43, 44]. In the classical
general relativity, it was generally believed that the fundamental laws of nature
should be invariant or covariant under a general transformation of reference frame.
In general relativity, the equivalence principle tells us the existence of a local inertial
reference frame and the fundamental laws in the local inertial reference frame which
are the same as those in inertial reference system. Then, after a general transforma-
tion of reference frame, the fundamental laws of nature in arbitrary reference frame
or in arbitrary curved space-time can be obtained. However, this point of view is
criticized in the literature [45]. In literature [45], it is argued that almost all basic
physical equations of nature are not invariant or covariant under the most general
transformations of reference frame. In other words, almost all basic physical equa-
tions in general relativity will change their forms under the transformation from the
local inertial reference frame to a curved space-time. So, if we deduce basic physical
equations from a local inertial reference frame by a transformation of reference frame
as dictated by equivalence principle and the principle of general covariance, what
we obtained are different from those in general relativity. Therefore, the equivalence
principle and the principle of general covariance are not real priori foundations of
general relativity. So, the new renormalizable quantum gauge general relativity will
not be constructed based on these two principles. We will find that gauge principle
is enough for us to set up a self-consistent quantum gauge general relativity.
Though we will not use the logic of classical general relativity in the formulation
of quantum gauge general relativity, we should not forget the principle of general
covariance. It should be stated that, in the new quantum gauge theory of gravity,
the principle of general covariance appears in another way, that is, it realized itself
through local gravitational gauge symmetry. From mathematical point of view, the
local gravitational gauge invariance is just the general covariance in general relativ-
ity. In this case, the general transformation in the principle of general covariance can
not be as big as in classical general relativity, for it can not be the most general trans-
formation of reference frame, can only be the first kind of general transformation
of reference frame[45]. In other words, the symmetry for gravitational interactions
is much smaller than that in general relativity. In the new quantum gauge general
relativity, the equivalence principle plays no role. In other words, we will not accept
the equivalence principle as a transcendental principle of the new quantum gauge
general relativity, for gauge principle is enough for us to construct quantum gauge
general relativity. In fact, there are some essential difficulties in using the equiva-
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lence principle as a transcendental principle in quantum gauge general relativity. It
is known that, in quantum field theory, both inertial mass and gravitational mass
are not fundamental quantities. In quantum field theory, mass is a paranotion from
conservative energy-momentum tensor. In other words, mass is not a transcendental
concepts in quantum field theory. So, it can not be a constituent of a transcendental
principle, for all constituents of a transcendental principle should be transcendental.
On the other hand, inertial energy momentum tensor and the gravitational energy-
momentum tensor have different origins, if gravity is considered, they are essentially
different. It is generally believed that the transcendental principles should reveal
the most deepest essentially relationship of objective laws of nature, not only a su-
perficial quantitative relationship of some quantities. And in a meaning, equivalence
principle has a meaning of quantitative relation of two physical quantities, so it is
not suitable to be a transcendental principle of a fundamental theory. In all, in
quantum gauge general relativity, the equivalence principle has no position.
3 Gravitational Gauge Group
Before we start our mathematical formulation of quantum gauge general relativity,
we have to determine which group is the symmetry of gravitational interactions,
which is the starting point of the whole theory. It is know that, in the traditional
gauge theory of gravity, Lorentz group is localized. We will not follow this way, for
it contradicts with gauge principle. Now, we use gauge principle to determine which
group is the exact group for quantum gauge general relativity.
Some of the most important properties of gravity can be obtained by studying
classical Newton’s gravity. In the classical Newton’s theory of gravity, the gravita-
tional force between two point objects is given by:
f = G
m1m2
r2
(3.1)
with m1 and m2 masses of two objects, r the distance between two objects. So, grav-
ity is proportional to the masses of both objects, in other words, mass is the source
of gravitational field. In general relativity, the Einstein’s field equation is the equa-
tion which gives out the relation between energy-momentum tensor and space-time
curvature, which is essentially the relation between energy-momentum tensor and
gravitational field. In the Einstein’s field equation, energy-momentum is treated
as the source of gravity. This points of view is inherited in the quantum gauge
general relativity. In other words, the starting point of the new quantum gauge
general relativity is that the energy-momentum is the source of gravitational field.
According to rule 3 and rule 1 of gauge principle, we know that, energy-momentum
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should be the conserved charges of the corresponding global symmetry, which is just
the symmetry for gravity. According to quantum field theory, energy-momentum is
the conserved charge of global space-time translation, the corresponding conserved
current is energy-momentum tensor. Therefore, the global space-time translation is
the global gravitational gauge transformation. According to rule 4, we know that,
after quantization, the energy-momentum operator becomes the generator of grav-
itational gauge transformation. It also states that, except for energy-momentum
operator, there is no other generator for gravitational gauge transformation, such
as, angular momentum operatorMµν can not be the generator of gravitational gauge
transformation. This is the reason why we do not localize Lorentz transformation
in the quantum gauge general relativity, for the generator of Lorentz transforma-
tion is not energy-momentum operator. According to rule 2 of gauge principle, the
gravitational interactions will be completely determined by the requirement of the
local gravitational gauge symmetry. These are the basic ideas of the new quantum
gauge general relativity, and they are completely deductions of gauge principle.
We know that the generator of Lorentz group is angular momentum operator
Mµν . If we localize Lorentz group, according to gauge principle, angular momen-
tum will become source of a new filed, which transmits direct spin interactions.
This kind of interactions does not belong to traditional Newton-Einstein gravity.
It is a new kind of interactions. Up to now, we do not know whether this kind
of interactions exists in Nature or not. Besides, spin-spin interaction is a kind of
non-renormalizable interaction. In other words, a quantum theory which contains
spin-spin interaction is a non-renormalizable quantum theory. For these reasons, we
will not localize Lorentz group in this paper. We only localize translation group in
this paper. We will find that go along this way, we can set up a consistent quan-
tum gauge general relativity which is perturbatively renormalizable. In other words,
only localizing space-time translation group is enough for us to set up a consistent
quantum gravity.
From above discussions, we know that, from mathematical point of view, gravita-
tional gauge transformation is the inverse transformation of space-time translation,
and gravitational gauge group is space-time translation group. Suppose that there
is an arbitrary function φ(x) of space-time coordinates xµ. The global space-time
translation is:
xµ → x′µ = xµ + ǫµ. (3.2)
The corresponding transformation for function φ(x) is
φ(x)→ φ′(x′) = φ(x) = φ(x′ − ǫ). (3.3)
12
According to Taylor series expansion, we have:
φ(x− ǫ) =
(
1 +
∞∑
n=1
(−1)n
n!
ǫµ1 · · · ǫµn∂µ1 · · ·∂µn
)
φ(x), (3.4)
where
∂µi =
∂
∂xµi
. (3.5)
Let’s define a special exponential operation here. Define
Ea
µ·bµ △= 1 +
∞∑
n=1
1
n!
aµ1 · · · aµn · bµ1 · · · bµn . (3.6)
This definition is quite different from that of ordinary exponential function. In
general cases, operators aµ and bµ do not commutate each other, so
Ea
µ·bµ 6= Ebµ·aµ , (3.7)
Ea
µ·bµ 6= eaµ·bµ , (3.8)
where ea
µ·bµ is the ordinary exponential function whose definition is
ea
µ·bµ ≡ 1 +
∞∑
n=1
1
n!
(aµ1 · bµ1) · · · (aµn · bµn). (3.9)
If operators aµ and bµ commutate each other, we will have
Ea
µ·bµ = Ebµ·a
µ
, (3.10)
Ea
µ·bµ = ea
µ·bµ . (3.11)
The translation operator Uˆǫ can be defined by
Uˆǫ ≡ 1 +
∞∑
n=1
(−1)n
n!
ǫµ1 · · · ǫµn∂µ1 · · ·∂µn . (3.12)
Then we have
φ(x− ǫ) = (Uˆǫφ(x)). (3.13)
In order to have a good form which is similar to ordinary gauge transformation
operators, the form of Uˆǫ can also be written as
Uˆǫ = E
−iǫµ·Pˆµ, (3.14)
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where
Pˆµ = −i ∂
∂xµ
. (3.15)
Pˆµ is just the energy-momentum operator in space-time coordinate space. In the
definition of Uˆǫ given by eq.(3.14), ǫ
µ can be independent of space-time coordinate
or a function of space-time coordinate, in a ward, it can be an arbitrary function of
space time coordinate xµ.
Some operation properties of the translation operator Uˆǫ are summarized below.
1. Operator Uˆǫ translate the space-time point of a field from x to x− ǫ,
φ(x− ǫ) = (Uˆǫφ(x)), (3.16)
where ǫµ can be any function of space-time coordinate. This relation can also
be regarded as the definition of the translation operator Uˆǫ.
2. If ǫ is a function of space-time coordinate, that is ∂µǫ
ν 6= 0, then
Uˆǫ = E
−iǫµ·Pˆµ 6= E−iPˆµ·ǫµ, (3.17)
and
Uˆǫ = E
−iǫµ·Pˆµ 6= e−iǫµ·Pˆµ. (3.18)
If ǫ is a constant, that is ∂µǫ
ν = 0, then
Uˆǫ = E
−iǫµ·Pˆµ = E−iPˆµ·ǫ
µ
, (3.19)
and
Uˆǫ = E
−iǫµ·Pˆµ = e−iǫ
µ·Pˆµ. (3.20)
3. Suppose that φ1(x) and φ2(x) are two arbitrary functions of space-time coor-
dinate, then we have(
Uˆǫ(φ1(x) · φ2(x))
)
=
(
Uˆǫφ1(x)
)
·
(
Uˆǫφ2(x)
)
(3.21)
4. Suppose that Aµ and Bµ are two arbitrary operators in Hilbert space, λ is an
arbitrary ordinary c-number which is commutate with operators Aµ and Bµ,
then we have
d
dλ
EλA
µ·Bµ = Aµ · EλAµ·Bµ · Bµ. (3.22)
5. Suppose that ǫ is an arbitrary function of space-time coordinate, then
(∂µUˆǫ) = −i(∂µǫν)UˆǫPˆν . (3.23)
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6. Suppose that Aµ and Bµ are two arbitrary operators in Hilbert space, then
tr(EA
µ·BµE−Bµ·A
µ
) = trI, (3.24)
where tr is the trace operation and I is the unit operator in the Hilbert space.
7. Suppose that Aµ, Bµ and C
µ are three operators in Hilbert space, but operators
Aµ and Cν commutate each other:
[Aµ , Cν ] = 0, (3.25)
then
tr(EA
µ·BµEBν ·C
ν
) = tr(E(A
µ+Cµ)·Bµ). (3.26)
8. Suppose that Aµ, Bµ and C
µ are three operators in Hilbert space, they satisfy
[Aµ , Cν ] = 0,
[Bµ , C
ν ] = 0,
(3.27)
then
EA
µ·BµEC
ν ·Bν = E(A
µ+Cµ)·Bµ . (3.28)
9. Suppose that Aµ, Bµ and C
µ are three operators in Hilbert space, they satisfy
[Aµ , Cν ] = 0,
[[Bµ , C
ν ] , Aρ] = 0,
[[Bµ , C
ν ] , Cρ] = 0,
(3.29)
then,
EA
µ·BµEC
ν ·Bν = E(A
µ+Cµ)·Bµ + [EA
µ·Bµ , Cσ]EC
ν ·BνBσ. (3.30)
10. Suppose that Uˆǫ1 and Uˆǫ2 are two arbitrary translation operators, define
Uˆǫ3 = Uˆǫ2 · Uˆǫ1 , (3.31)
then,
ǫµ3 (x) = ǫ
µ
2 (x) + ǫ
µ
1 (x− ǫ2(x)). (3.32)
This property means that the product of two translation operator satisfy clo-
sure property, which is one of the conditions that any group must satisfy.
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11. Suppose that Uˆǫ is a non-singular translation operator, then
Uˆ−1ǫ = E
iǫµ(f(x))·Pˆµ , (3.33)
where f(x) is defined by the following relations:
f(x− ǫ(x)) = x. (3.34)
Uˆ−1ǫ is the inverse operator of Uˆǫ, so
Uˆ−1ǫ Uˆǫ = UˆǫUˆ
−1
ǫ = 1, (3.35)
where 1 is the unit element of the gravitational gauge group.
12. The product operation of translation also satisfies associative law. Suppose
that Uˆǫ1 , Uˆǫ2 and Uˆǫ3 are three arbitrary translation operators, then
Uˆǫ3 · (Uˆǫ2 · Uˆǫ1) = (Uˆǫ3 · Uˆǫ2) · Uˆǫ1 . (3.36)
13. Suppose that Uˆǫ is an arbitrary translation operator and φ(x) is an arbitrary
function of space-time coordinate, then
Uˆǫφ(x)Uˆ
−1
ǫ = φ(x− ǫ(x)). (3.37)
This relation is quite useful in the discussions of gravitational gauge symmetry.
14. Suppose that Uˆǫ is an arbitrary translation operator. Define
Λα β =
∂xα
∂(x− ǫ(x))β , (3.38)
Λ βα =
∂(x− ǫ(x))β
∂xα
. (3.39)
They satisfy
Λ µα Λ
α
ν = δ
µ
ν , (3.40)
Λ αµ Λ
ν
α = δ
ν
µ. (3.41)
Then we have following relations:
UˆǫPˆαUˆ
−1
ǫ = Λ
β
αPˆβ, (3.42)
Uˆǫdx
αUˆ−1ǫ = Λ
α
β dx
β , (3.43)
which give out the the transformation laws of Pˆα and dx
α under local gravi-
tational gauge transformations.
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Gravitational gauge group (GGG) is a transformation group which consists of
all non-singular translation operators Uˆǫ. We can easily see that gravitational gauge
group is indeed a group, for
1. the product of two arbitrary non-singular translation operators is also a non-
singular translation operator, which is also an element of the gravitational
gauge group. So, the product of the group satisfies closure property which is
expressed in eq(3.31);
2. the product of the gravitational gauge group also satisfies the associative law
which is expressed in eq(3.36);
3. the gravitational gauge group has its unit element 1, which satisfies
1 · Uˆǫ = Uˆǫ · 1 = Uˆǫ; (3.44)
4. every non-singular element Uˆǫ has its inverse element which is given by eqs(3.33)
and (3.35).
According to gauge principle, the gravitational gauge group is the symmetry of grav-
itational interactions. The global invariance of gravitational gauge transformation
will give out conserved charges which is just the ordinary inertial energy-momentum;
the requirement of local gravitational gauge invariance needs introducing gravita-
tional gauge field, and gravitational interactions are completely determined by the
local gravitational gauge invariance.
The generators of gravitational gauge group is just the energy-momentum oper-
ators Pˆα. This is required by gauge principle. It can also be seen from the form of
infinitesimal transformations. Suppose that ǫ is an infinitesimal quantity, then we
have
Uˆǫ ≃ 1− iǫαPˆα. (3.45)
Therefore,
i
∂Uˆǫ
∂ǫα
|ǫ=0 (3.46)
gives out generators Pˆα of gravitational gauge group. It is known that generators of
gravitational gauge group commute each other
[Pˆα , Pˆβ] = 0. (3.47)
However, the commutation property of generators does not mean that gravitational
gauge group is an Abelian group, because two general elements of gravitational
gauge group do not commute:
[Uˆǫ1 , Uˆǫ2 ] 6= 0. (3.48)
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Gravitational gauge group is a kind of non-Abelian gauge group. The non-Able na-
ture of gravitational gauge group will cause self-interactions of gravitational gauge
field.
In order to avoid confusion, we need to pay some attention to some differences
between two concepts: space-time translation group and gravitational gauge group.
Generally speaking, space-time translation is a kind of coordinates transformation,
that is, the objects or fields in space-time are fixed while the space-time coordinates
that describe the motion of objective matter undergo transformation. But gravita-
tional gauge transformation is a kind of system transformation rather than a kind
of coordinates transformation. In system transformation, the space-time coordinate
system is fixed while objects or fields undergo transformation. From mathematical
point of view, space-time translation and gravitational gauge transformation are es-
sentially the same, and the space-time translation is the inverse transformation of
the gravitational gauge transformation; but from physical point of view, space-time
translation and gravitational gauge transformation are quite different, especially
when we discuss gravitational gauge transformation of gravitational gauge field. For
gravitational gauge field, its gravitational gauge transformation is not the inverse
transformation of its space-time translation. In a meaning, space-time translation
is a kind of mathematical transformation, which contains little dynamical informa-
tion of interactions; while gravitational gauge transformation is a kind of physical
transformation, which contains all dynamical information of interactions and is con-
venient for us to study physical interactions. Through gravitational gauge symmetry,
we can determine the whole gravitational interactions among various kinds of fields.
This is the reason why we do not call gravitational gauge transformation space-time
translation. This is important for all of our discussions on gravitational gauge trans-
formations of various kinds of fields.
Suppose that φ(x) is an arbitrary scalar field. Its gravitational gauge transfor-
mation is
φ(x)→ φ′(x) = (Uˆǫφ(x)). (3.49)
Similar to ordinary SU(N) non-Abelian gauge field theory, there are two kinds of
scalars. For example, in chiral perturbative theory, the ordinary π mesons are scalar
fields, but they are vector fields in isospin space. Similar case exists in gravitational
gauge field theory. A Lorentz scalar can be a scalar or a vector or a tensor in the
space of gravitational gauge group. For the sake of simplicity, we call this space
gravitational gauge space or gravitational gauge Lie algebra. If φ(x) is a scalar
in the gravitational gauge space, we just simply denote it as φ(x) in gauge group
space. If it is a vector in the gravitational gauge space, it can be expanded in the
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gravitational gauge space in the following way:
φ(x) = φα(x) · Pˆα. (3.50)
The transformation of component field is
φα(x)→ φ′α(x) = Λα βUˆǫφβ(x)Uˆ−1ǫ . (3.51)
The important thing that we must remember is that, the α index is not a Lorentz
index, it is just a group index. For gravitation gauge group, it is quite special that
a group index looks like a Lorentz index. We must be carefully on this important
thing. This will cause some fundamental changes on quantum gravity. Lorentz
scalar φ(x) can also be a tensor in gauge group space. suppose that it is a nth order
tensor in gauge group space, then it can be expanded as
φ(x) = φα1···αn(x) · Pˆα1 · · · Pˆαn . (3.52)
The transformation of component field is
φα1···αn(x)→ φ′α1···αn(x) = Λα1β1 · · ·ΛαnβnUˆǫφβ1···βn(x)Uˆ−1ǫ . (3.53)
If φ(x) is a spinor field, the above discussion is also valid. That is, a spinor can
also be a scalar or a vector or a tensor in the space of gravitational gauge group.
The gravitational gauge transformations of the component fields are also given by
eqs.(3.49-3.53). There is no transformations in spinor space, which is different from
the Lorentz transformation of a spinor.
Suppose that Aµ(x) is an arbitrary vector field. Here, the index µ is a Lorentz
index. Its gravitational gauge transformation is:
Aµ(x)→ A′µ(x) = (UˆǫAµ(x)). (3.54)
Please remember that there is no rotation in the space of Lorentz index µ, while in
the general coordinates transformations in general relativity, there is rotation in the
space of Lorentz index µ. The reason is that gravitational gauge transformation is
a kind of system transformation, while in general relativity, the general coordinates
transformation is a kind of coordinates transformation. If Aµ(x) is a scalar in the
gravitational gauge space, eq(3.54) is all for its gauge transformation. If Aµ(x) is a
vector in the gravitational gauge space, it can be expanded as:
Aµ(x) = A
α
µ(x) · Pˆα. (3.55)
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The transformation of component field is
Aαµ(x)→ A′αµ (x) = Λα βUˆǫA βµ (x)Uˆ−1ǫ . (3.56)
If Aµ(x) is a nth order tensor in the gravitational gauge space, then
Aµ(x) = A
α1···αn
µ (x) · Pˆα1 · · · Pˆαn. (3.57)
The transformation of component fields is
Aα1···αnµ (x)→ A′α1···αnµ (x) = Λα1β1 · · ·ΛαnβnUˆǫAβ1···βnµ (x)Uˆ−1ǫ . (3.58)
Therefore, under gravitational gauge transformations, the behavior of a group in-
dex is quite different from that of a Lorentz index. However, they have the same
behavior in global Lorentz transformations.
Generally speaking, suppose that T µ1···µnν1···νm (x) is an arbitrary tensor, its gravita-
tional gauge transformations are:
T µ1···µnν1···νm (x)→ T ′µ1···µnν1···νm (x) = (UˆǫT µ1···µnν1···νm (x)). (3.59)
If it is a pth order tensor in group space, then
T µ1···µnν1···νm (x) = T
µ1···µn;α1···αp
ν1···νm (x) · Pˆα1 · · · Pˆαp. (3.60)
The transformation of component fields is
T µ1···µn;α1···αpν1···νm (x)→ T ′µ1···µn;α1···αpν1···νm (x) = Λα1β1 · · ·Λ
αp
βp
UˆǫT
µ1···µn;β1···βp
ν1···νm (x)Uˆ
−1
ǫ . (3.61)
ηµν is a second order Lorentz tensor, but it is a scalar in gravitational gauge
space. It is the metric of the coordinate space. A Lorentz index can be raised or
descended by this metric tensor. In a Minkowski space-time, it is selected to be:
η0 0 = −1,
η1 1 = 1,
η2 2 = 1,
η3 3 = 1,
(3.62)
and other components of ηµν vanish. ηµν is the traditional Minkowski metric.
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4 Two Pictures of Gravity
As we have mentioned above, quantum gauge general relativity is logically indepen-
dent of traditional quantum gravity. It is know that, there are at least two pictures
of gravity. In one picture, gravity is treated as space-time geometry. In this picture,
space-time is curved and there is no physical gravitational interactions, for all ef-
fects of gravity are represented by space-time metric. In another picture, gravity is
treated as a kind of fundamental interactions. In this picture, space-time is always
flat and space-time metric is always selected to be the Minkowski metric. For the
sake of simplicity, we call the first picture gemeotry picture of gravity and the second
picture physics picture of gravity.
The concepts of ”physics picture of gravity” and ”geometrical picture of gravity”
are key important to understand the present theory. In order to understand these
important things, we use quantum mechanics as an example. In quantum mechan-
ics, there are many pictures, such Schrodinger picture, Heisenberg picture, · · · etc.
In Schrodinger picture, operators of physical quantities are fixed and do not change
with time, but wave functions are evolve with time. On the contrary, in Heisenberg
picture, wave functions are fixed and do not change with time, but operators evolve
with time. If we want to know whether wave functions is changed with time or
not, you must first determine in which picture you study wave functions. If you do
not know in which picture you study wave functions, you will not know whether
wave functions should be changed with time or not. Now, similar case happens in
quantum gauge theory of gravity. If you want to know whether space-time is curved
or not, you must first determine in which picture gravity is studied. In physics
picture of gravity, space-time is flat, but in geometry picture of gravity, space-time
is curved. They are two different space-times, i.e., the space-time in physics picture
of gravity is different from the space-time in geometrical picture of gravity. Quan-
tum gauge theory of gravity is formulated in the physics picture of gravity, classical
Newton’s theory of gravity is also formulated in the physics picture of gravity, and
the Einstein’s general relativity is formulated in the geometrical picture of gravity.
Please do not discuss any problem simultaneous in two pictures, which is dangerous.
Quantum gauge general relativity is foumulated in the physics picture of grav-
ity. So, in quantum gauge general relativity, space-time is always flat and gravity
is treated as a kind of fundatmental interactions. In order to avoid confusing, we
do not introduce any comcept of curved space-time and we do not use any language
of geometry at present. It is suggest that anyone read this paper do not try to
find any geometrical meaning of any physical quantities, do not use the language of
geometry to understand anything of this paper and forget everything about the con-
cept of fibre bundles, connections, curved space-time metric, · · · etc, for the present
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theory is not formulated in the geometry picture of gravity. After we go into the
geometry picture of gravity and set up the geometrical picture of quantum gauge
theory of gravity, we can use geometry language and study the geometry meaning
of the present theory. But at present, we will not use the language of geometry.
There are mainly the following four reasons to introduce the physics picture of
gravity and formulate quantum gauge general relativity in the physics picture of
gravity:
1. It has a clear interaction picture, so we can use perturbation theory to calculate
the amplitudes of physical process.
2. We can use traditional gauge field theory to study quantum behavior of grav-
itational interactions, and four different kinds of fundamental interactions in
Nature can be formulated in the same manner, and four kinds of fundamental
interactions can be unified in a simple and beautiful way.
3. The perturbatively renormalizability of the theory can be easily proved in the
physics picture of gravity.
4. Quantum effects of gravitational interactions can be easily understood in the
physics picture of gravity.
Gravitational gauge transformation is different from space-time translation. In
gravitational gauge transformation, space-time is fixed, space-time coordinates are
not changed, only fields and objects undergo some translation. In a meaning, grav-
itational gauge transformation is a kind of physical transformation on objects and
fields. The traditional space-time translation is a kind of transformation in which
objects and fields are kept unchanged while space-time coordinates undergo trans-
lation. In a meaning, space-time translation is a kind of geometrical transformation
on space-time. Because quantum gauge theory of gravity is set up in the physics pic-
ture of gravity, we have to use gravitational gauge transformation in our discussion,
for physics picture needs physical transformation. We do not discuss translation
transformation of space-time and gauge translations in physics picture of gravity.
In a meaning, space-time translation is a kind of geometrical transformation, which
contains geometrical information of space-time structure and is convenient for us
to study space-time geometry; while gravitational gauge transformation is a kind
of physical transformation, which contains all dynamical information of gravita-
tional interactions and is convenient for us to study physical interactions. Though
from mathematical point of view, for global transformations, space-time transla-
tion is the inverse transformation of the gravitational gauge transformation. But
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from physical point of view and for local transformation, they are not the same. In
the quantum gauge general relativity, we do not gauge translation group, but gauge
gravitational gauge group, for translation group is different from gravitational gauge
group. Translation group is the symmetry of space-time, but gravitational gauge
group is the symmetry group of physical fields and objects. They have essential
difference from physical point of view.
5 Pure Gravitational Gauge Fields
Before we study gravitational field, we must determine which field represents grav-
itational field. In the traditional gravitational gauge theory, gravitational field is
represented by space-time metric tensor. If there is gravitational field in space-time,
the space-time metric will not be equivalent to Minkowski metric, and space-time
will become curved. In other words, in the traditional gravitational gauge theory,
quantum gravity is formulated in curved space-time. In this paper, we will not follow
this way. The underlying point of view of this new quantum gauge general relativ-
ity is that it is formulated in the framework of traditional quantum field theory,
gravity is treated as a kind of physical interactions in flat space-time and the grav-
itational field is represented by gauge potential. In other words, if we put gravity
into the structure of space-time, the space-time will become curved and there will
be no physical gravity in space-time, because all gravitational effects are put into
space-time metric and gravity is geometrized. But if we study physical gravitational
interactions, it is better to rescue gravity from space-time metric and treat gravity
as a kind of physical interactions. In this case, space-time is flat and there is physical
gravity in Minkowski space-time. For this reason, we will not introduce the concept
of curved space-time to study quantum gravity in the most part of this paper. So,
in most chapters of this paper, the space-time is always flat, the gravitational field
is represented by gauge potential, and gravitational interactions are always treated
as physical interactions. In fact, what gravitational field is represented by gauge
potential is required by gauge principle.
Now, let’s begin to construct the Lagrangian of quantum gauge general relativity.
For the sake of simplicity, let’s suppose that φ(x) is a Lorentz scalar and gauge group
scalar. According to above discussions, its gravitational gauge transformation is
φ(x)→ φ′(x) = (Uˆǫφ(x)). (5.1)
Because
(∂µUˆǫ) 6= 0, (5.2)
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partial derivative of φ(x) does not transform covariantly under gravitational gauge
transformation
∂µφ(x)→ ∂µφ′(x) 6= (Uˆǫ∂µφ(x)). (5.3)
In order to construct an action which is invariant under local gravitational gauge
transformation, gravitational gauge covariant derivative is highly necessary. The
gravitational gauge covariant derivative is defined by
Dµ = ∂µ − igCµ(x), (5.4)
where Cµ(x) is the gravitational gauge field and g is the coupling constant of grav-
itational gauge interactions. It is a Lorentz vector. Under gravitational gauge
transformations, it transforms as
Cµ(x)→ C ′µ(x) = Uˆǫ(x)Cµ(x)Uˆ−1ǫ (x) +
i
g
Uˆǫ(x)(∂µUˆ
−1
ǫ (x)). (5.5)
Using the original definition of Uˆǫ, we can strictly proved that
[∂µ , Uˆǫ] = (∂µUˆǫ). (5.6)
Therefor, we have
Uˆǫ∂µUˆ
−1
ǫ = ∂µ + Uˆǫ(∂µUˆ
−1
ǫ ), (5.7)
UˆǫDµUˆ
−1
ǫ = ∂µ − igC ′µ(x). (5.8)
So, under local gravitational gauge transformations,
Dµφ(x)→ D′µφ′(x) = (UˆǫDµφ(x)), (5.9)
Dµ(x)→ D′µ(x) = UˆǫDµ(x)Uˆ−1ǫ . (5.10)
Gravitational gauge field Cµ(x) is vector field, it is a Lorentz vector. It is also a
vector in gravitational gauge space, so it can be expanded as linear combinations of
generators of gravitational gauge group
Cµ(x) = C
α
µ (x) · Pˆα. (5.11)
Cαµ are component fields of gravitational gauge field. It looks like a second rank
tensor. But according to our previous discussion, it is not a tensor field, it is a
vector field. The index α is not a Lorentz index, it is just a gauge group index.
Gravitational gauge field Cαµ has only one Lorentz index, so it is a kind of vector
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field. This is a result of gauge principle. The gravitational gauge transformation of
component field is
Cαµ (x)→ C ′αµ (x) = Λα β(UˆǫCβµ (x))−
1
g
(Uˆǫ∂µǫ
α(y)), (5.12)
where y is a function of space-time coordinates which satisfy
(Uˆǫy(x)) = x. (5.13)
Define matrix G as
G = (Gαµ) = (δ
α
µ − gCαµ ). (5.14)
A simple form for matrix G is
G = I − gC, (5.15)
where I is a unit matrix and C = (Cαµ ). Therefore,
G−1 =
1
I − gC . (5.16)
G−1 is the inverse matrix of G, it satisfies
(G−1)µβG
α
µ = δ
α
β , (5.17)
Gαµ(G
−1)να = δ
ν
µ. (5.18)
Define
gαβ
△
= ηµνGαµG
β
ν . (5.19)
gαβ
△
= ηµν(G
−1)µα(G
−1)νβ. (5.20)
It can be easily proved that
gαβg
βγ = δγα, (5.21)
gαβgβγ = δ
α
γ . (5.22)
Under gravitational gauge transformations, they transform as
Gαµ(x)→ G′αµ (x) = Λαα1(UˆǫGα1µ (x)), (5.23)
G−1µα (x)→ G′−1µα (x) = Λ α1α (UˆǫG−1µα1 (x)), (5.24)
gαβ(x)→ g′αβ(x) = Λ α1α Λ β1β (Uˆǫgα1β1(x)), (5.25)
gαβ(x)→ g′αβ(x) = Λαα1Λββ1(Uˆǫgα1β1(x)), (5.26)
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The strength of gravitational gauge field is defined by
Fµν =
1
−ig [Dµ , Dν ], (5.27)
or
Fµν = ∂µCν(x)− ∂νCµ(x)− igCµ(x)Cν(x) + igCν(x)Cµ(x). (5.28)
Fµν is a second order Lorentz tensor. It is a vector is group space, so it can be
expanded in group space,
Fµν(x) = F
α
µν(x) · Pˆα. (5.29)
The explicit form of component field strengths is
F αµν = ∂µC
α
ν − ∂νCαµ − gCβµ∂βCαν + gCβν ∂βCαµ (5.30)
The strength of gravitational gauge field transforms covariantly under gravitational
gauge transformation
Fµν → F ′µν = UˆǫFµνUˆ−1ǫ . (5.31)
The gravitational gauge transformation of the component field strength is
F αµν → F ′αµν = Λα β(UˆǫF βµν). (5.32)
In physics picture of gravity, gαβ defined by (5.20) and g
αβ defined by (5.19) are
not space-time metric, for the space-time metric are always Minkowski metric. They
are only two composite field operators which are composed of gravitational gauge
field. Using these two operators, we can calculate another important operator
Γγαβ =
1
2
gγδ
(
∂gαδ
∂xβ
+
∂gβδ
∂xα
− ∂gαβ
∂xδ
)
. (5.33)
From above definition, we can see that Γγαβ looks like the affine connection in general
relativity. But now, it has no geometric meaning, it is not the affine connection in
the curved space-time in geometrical picture of gravity, for now we are in the physics
picture of gravity. It is only a composite field operator. Using the following relation,
−gF γµν = GαµGβν [(G−1∂αG)γβ − (G−1∂βG)γα], (5.34)
where F γµν is the component field strength of gravitational gauge field, we get
Γγαβ = −12 [G−1µβ ∂αGγµ +G−1µα ∂βGγµ]
+ g
2
gγδ(gβα1G
−1µ
α + gαα1G
−1µ
β )G
−1ν
δ F
α1
µν .
(5.35)
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Operator Rδαβγ is defined by
Rδαβγ
△
= ∂γΓ
δ
αβ − ∂βΓδαγ + ΓηαβΓδγη − ΓηαγΓδβη, (5.36)
the operator Rαγ is defined by
Rαγ
△
= Rβαβγ , (5.37)
and the scalar operator R is defined by
R
△
= gαγRαγ . (5.38)
Operator Rαγ can also be calculated from the following relation
Rαγ =
1
2
gβδ(∂β∂δgαγ − ∂α∂δgβγ − ∂β∂γgαδ + ∂α∂γgβδ)
+gβδgα1β1(Γ
α1
αγΓ
β1
βδ − Γα1αδΓβ1βγ).
(5.39)
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The explicit expression for the operator Rαγ is
Rαγ = −(∂γ∂αG ·G−1)µµ + 2(∂γG ·G−1 · ∂αG ·G−1)µµ
+ηρσηµν(∂αG ·G−1)µρ(∂γG ·G−1)νσ
+1
2
gβδηµν(G
−1 · ∂βG ·G−1 · ∂δG ·G−1)µαG−1νγ
−1
2
gβδηµν(G
−1 · ∂β∂δG ·G−1)µαG−1νγ
+1
2
gβδηµν(G
−1 · ∂δG ·G−1 · ∂βG ·G−1)µαG−1νγ
+1
2
gβδηµνG
−1µ
α (G
−1 · ∂βG ·G−1 · ∂δG ·G−1)νγ
−1
2
gβδηµνG
−1µ
α (G
−1 · ∂β∂δG ·G−1)νγ
+1
2
gβδηµνG
−1µ
α (G
−1 · ∂δG ·G−1 · ∂βG ·G−1)νγ
+gβδηµν(G
−1 · ∂βG ·G−1)µα(G−1 · ∂δG ·G−1)νγ
−1
2
(G−1 · ∂γG ·G−1 · ∂βG)βα − 12(G−1 · ∂βG ·G−1 · ∂γG)βα + 12(G−1 · ∂γ∂βG)βα
−1
2
ηρσηµνG
δ
ρ(G
−1 · ∂δG ·G−1)µα(∂γG ·G−1)νσ
−1
2
ηρσηµνG
δ
ρ(G
−1 · ∂γG ·G−1)µα(∂δG ·G−1)νσ
−1
2
ηρσηµνG
δ
ρG
−1µ
α (∂γG ·G−1 · ∂δG ·G−1)νσ
+1
2
ηρσηµνG
δ
ρG
−1µ
α (∂γ∂δG ·G−1)νσ
−1
2
ηρσηµνG
δ
ρG
−1µ
α (∂δG ·G−1 · ∂γG ·G−1)νσ
−1
2
(G−1 · ∂βG ·G−1 · ∂αG)βγ − 12(G−1 · ∂αG ·G−1 · ∂βG)βγ + 12(G−1 · ∂β∂αG)βγ
−ηρσηµνGβσ(G−1 · ∂αG ·G−1)µγ(∂βG ·G−1)νρ
−1
2
ηρσηµνG
β
σG
−1µ
γ (∂βG ·G−1 · ∂αG ·G−1)νρ
+1
2
ηρσηµνG
β
σG
−1µ
γ (∂β∂αG ·G−1)νρ − 12ηρσηµνGβσG−1µγ (∂αG ·G−1 · ∂βG ·G−1)νρ
+1
2
ηµνη
µ1ν1Gβν1(∂βG ·G−1)µµ1(G−1 · ∂αG ·G−1)νγ
+1
2
ηµνη
µ1ν1Gβν1(∂βG ·G−1)µµ1(G−1 · ∂γG ·G−1)να
−1
4
ηµνη
µ1ν1(∂γG ·G−1)µµ1(∂αG ·G−1)νν1
−1
4
ηµνη
µ1ν1Gβν1(∂γG ·G−1)µµ1(G−1 · ∂βG ·G−1)να
−1
4
ηµνη
µ1ν1Gδµ1(G
−1 · ∂δG ·G−1)µγ(∂αG ·G−1)νν1
−1
4
ηµνη
µ1ν1Gδµ1G
β
ν1
(G−1 · ∂δG ·G−1)µγ(G−1 · ∂βG ·G−1)να
−g
2
ηµνη
µ3ν3F δµ1ν1G
β
ν3
G−1µδ G
−1ν
γ G
−1µ1
α (∂βG ·G−1)ν1µ3
−g
2
ηµνη
µ3ν3F δµ1ν1G
β
ν3
G−1µδ G
−1ν
α G
−1µ1
γ (∂βG ·G−1)ν1µ3
−g
2
F βµνG
−1µ
β (G
−1 · ∂αG ·G−1)νγ − g2F βµνG−1µβ (G−1 · ∂γG ·G−1)να
+ g
4
ηµ3µ1ηµνF
β
µ1ν1G
−1µ
β G
−1ν
α (∂γG ·G−1)ν1µ3 + g4F βµν(G−1 · ∂γG ·G−1)νβG−1µα
+ g
4
ηµ3µ1ηµνF
β
µ1ν1
G−1µβ G
−1ν
α G
δ
µ3
(G−1 · ∂δG ·G−1)ν1γ
+ g
4
F βµν(G
−1 · ∂βG ·G−1)νγG−1µα + g4F βµν(G−1 · ∂βG ·G−1)ναG−1µγ
+ g
4
ηµ3µ1ηµνF
β
µ1ν1
G−1µβ G
−1ν
γ (∂αG ·G−1)ν1µ3 + g4F βµν(G−1 · ∂αG ·G−1)νβG−1µγ
+ g
4
ηµ3µ1ηµνF
β
µ1ν1G
−1µ
β G
−1ν
γ G
δ
µ3(G
−1 · ∂δG ·G−1)ν1α
+ g
2
2
ηνν1ηµ2ν2F
β
µνF
β2
µ1ν1G
−1µ
β G
−1µ2
β2
(G−1ν2α G
−1µ1
γ +G
−1ν2
γ G
−1µ1
α )
−g2
4
ηµνηµ2ν2η
µ1ν1ηρ1σ1F βρ1ν1F
β1
σ1µ1G
−1µ
β G
−1µ2
β1
G−1νγ G
−1ν2
α
−g2
4
ηµνη
µ1ν1F βµ2ν1F
β1
µ3µ1G
−1µ
β G
−1µ2
β1
G−1νγ G
−1µ3
α
−g2
4
ηµ2ν2η
µ1ν1F βνν1F
β1
µµ1G
−1µ
β G
−1µ2
β1
G−1νγ G
−1ν2
α
−g2
4
ηµνη
µ2ν2F βµ1ν2F
β1
µ3µ2G
−1µ
β G
−1ν
β1
G−1µ1γ G
−1µ3
α
(5.40)
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Operator R can be calculated from the following relation
R = gαγgβδ(∂β∂δgαγ − ∂β∂γgαδ) + gαγgβδgα1β1(Γα1αγΓβ1βδ − Γα1αδΓβ1βγ). (5.41)
The explicit expression for the operator R is
R = 4gαγ(∂αG ·G−1 · ∂γG ·G−1)µµ − 2gαγ(∂α∂γG ·G−1)µµ
+3
2
ηρσηµνg
αγ(∂αG ·G−1)µρ(∂γG ·G−1)νσ − 2ηµνGγν(∂γG ·G−1 · ∂αG)αµ
−2ηµνGγν(∂αG ·G−1 · ∂γG)αµ + 2ηµνGγν(∂γ∂αG)αµ
−3
2
ηµνη
ρσηµ1ν1Gγν1G
α
ρ (∂αG ·G−1)µµ1(∂γG ·G−1)νσ
−ηµνηρσηµ1ν1Gγν1Gαρ (∂γG ·G−1)µµ1(∂αG ·G−1)νσ
+ηµνη
µ2ν2ηµ1ν1Gβν2G
α
µ1
(∂βG ·G−1)µµ2(∂αG ·G−1)νν1
−2gηµνF αµ1ν1GβνG−1µ1α (∂βG ·G−1)ν1µ
+gηλµF αµν(∂αG ·G−1)νλ
+gηρµF αρσG
γ
µ(G
−1 · ∂γG ·G−1)σα
+g2ηνν1F αµνF
α1
µ1ν1G
−1µ
α G
−1µ1
α1
−g2
2
ηµρηνσgαβF
α
µνF
β
ρσ
−g2
2
ηνν1F αµνF
α1
µ1ν1
G−1µ1α G
−1µ
α1
(5.42)
Please note that the second last line in the above expression is just the Lagrangian
that we used in literature [30]. In order to set up the quantum gauge general rela-
tivity, we will not select it to be the Lagrangian of the model.
It can be strictly proved that, under gravitational gauge transformations, these
operators transforms as
Γγαβ(x)→ Γ′γαβ(x) = Λ α1α Λ β1β Λγγ1(UˆǫΓγ1α1β1(x))− Λ α1α Λ β1β (∂β1Λγα1) (5.43)
Rαβγδ(x)→ R′αβγδ(x) = Λ α1α Λ β1β Λ γ1γ Λ δ1δ (UˆǫRα1β1γ1δ1(x)), (5.44)
Rαβ(x)→ R′αβ(x) = Λ α1α Λ β1β (UˆǫRα1β1(x)), (5.45)
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R(x)→ R′(x) = (UˆǫR(x)). (5.46)
Now, we need to determine the Lagrangian of the model. In order to set up the
model for quantum gauge general relativity, we need to select R in eq.(5.42) to be
the Lagrangian. However, its expression is too complicated to be used in further
calculation. So, we need to changed it into a simpler form. After rather lengthy and
complicated calculations, it is found that it can be written into another form
R = R0 +
1
J(C)
∂β
[
2J(C)gαβG−1µα (∂γG
γ
µ)− 2J(C)gβδG−1µα (∂δGαµ)
]
, (5.47)
where
R0 =
g2
4
ηµρηνσgαβF
α
µνF
β
ρσ
+ g
2
2
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
−g2ηµρG−1να G−1σβ F αµνF βρσ,
(5.48)
and
J(C) =
√−detgαβ . (5.49)
It is quite surprising that operator R0 has very simple and beautiful form. It has an
obvious symmetric form under gravitational gauge transformation. The second term
in eq.(5.47) is only a surface term in action, so it has no contribution to the action,
and if we select R or R0 to be the Lagrangian of the system, they will give out the
same action and the same field equation for gravitational gauge field. Because R0 is
much simpler and more symmetric, we select it to be the Lagrangian of the quantum
gauge general relativity
L0 = − 116πGR0 = − 14g2R0
= − 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(5.50)
If we define
Cµνρσαβ =
1
4
ηµρηνσgαβ +
1
2
ηµρG−1νβ G
−1σ
α − ηµρG−1να G−1σβ , (5.51)
then the above lagrangian L0 can be written into a simpler form:
L0 = −1
4
Cµνρσαβ F
α
µνF
β
ρσ. (5.52)
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The first term in the Lagrangian L0 of (5.50) is just the Lagrangian in the previ-
ous work[30]. In fact, every term in the above Lagrangian has gravitational gauge
symmetry. So, the most general Lagrangian for quantum gauge theory of gravity is
L0 = c1ηµρηνσgαβF αµνF βρσ
+c2η
µρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+c3η
µρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(5.53)
Because the action given by this Lagrangian has strict local gravitational gauge
symmetry, the model based on this Lagrangian is perturbatively renormalizable. The
strict formal proof on the renormalizability of the quantum gauge general relativity
is suitable to the model based on this most general Lagrangian. For quantum gauge
general relativity, the parameters c1, c2 and c3 are
c1 = − 1
16
, c2 = −1
8
, c3 =
1
4
. (5.54)
For the model discussed in the literature [30], the parameters c1, c2 and c3 are
c1 = −1
4
, c2 = 0, c3 = 0. (5.55)
Different selection of the parameters c1, c2 and c3 gives out different model for quan-
tum gravity, and therefore different dynamics of gravitational field. This situation
is quite special for gravitational interactions. We know that, for ordinary SU(N)
gauge field theory, using gauge field strength, we can only construct one gauge in-
variant Lagrangian which is a quadratic form of field strength. In other words,
the Lagrangian for pure gauge field in ordinary SU(N) gauge field theory is unique.
However, in quantum gauge theory of gravity, we can construct three different gauge
invariant terms which are quadratic forms of field strength of gravitational gauge
field. Indeed, in many aspects, quantum gauge theory of gravity is different from
the traditional gauge field theory.
Using relations (5.24), (5.25) and (5.32), we can easily prove that the Lagrangian
defined by eq.(5.50) transforms covariantly under gravitational gauge transformation
L0 → L′0 = (UˆǫL0). (5.56)
In order to resume the gravitational gauge symmetry of the action, we introduce an
extremely important factor J(C) which is defined by eq.(5.49). The gravitational
gauge transformations of gαβ is given by eq.(5.25). Then J(C) transforms as
J(C)→ J ′(C ′) = J · (UˆǫJ(C)), (5.57)
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where J is the Jacobian of the transformation,
J = det
(
∂(x− ǫ)µ
∂xν
)
. (5.58)
The Lagrangian for gravitational gauge field is selected as
L = J(C)L0 =
√
−detgαβ · L0, (5.59)
and the action for gravitational gauge field is
S =
∫
d4xL. (5.60)
It can be proved that this action has gravitational gauge symmetry. In other words,
it is invariant under gravitational gauge transformation,
S → S ′ = S. (5.61)
In order to prove the gravitational gauge symmetry of the action, the following
relation is important, ∫
d4xJ
(
Uˆǫf(x)
)
=
∫
d4xf(x), (5.62)
where f(x) is an arbitrary function of space-time coordinate.
According to gauge principle, the global gauge symmetry will give out conserved
charges. Now, let’s discuss the conserved charges of global gravitational gauge trans-
formation. Suppose that ǫα is an infinitesimal constant 4-vector. Then, in the first
order approximation, we have
Uˆǫ = 1− ǫα∂α + o(ǫ2). (5.63)
The first order variation of the gravitational gauge field is
δCαµ (x) = −ǫν∂νCαµ , (5.64)
and the first order variation of action is:
δS =
∫
d4x ǫα∂µT
µ
iα, (5.65)
where T µiα is the inertial energy-momentum tensor, whose definition is
T µiα ≡ J(C)
(
− ∂L0
∂∂µC
β
ν
∂αC
β
ν + δ
µ
αL0
)
. (5.66)
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Its explicit expression is
T µiα = J(C)[
1
4
ηλρηνσgβγG
µ
λF
γ
ρσ(∂αC
β
ν )
−1
4
ηνρG−1σβ F
µ
ρσ(∂αC
β
ν )
+1
4
ηλρG−1νγ G
−1σ
β G
µ
λF
γ
ρσ(∂αC
β
ν )
−1
2
ηλρG−1νβ G
−1σ
γ G
µ
λF
γ
ρσ(∂αC
β
ν )
+1
2
ηνρδµβG
−1σ
γ F
γ
ρσ(∂αC
β
ν )
− 1
16
δµαη
λρηνσgβγF
γ
λνF
β
ρσ
−1
8
δµαη
λρG−1νβ G
−1σ
γ F
γ
λνF
β
ρσ
+1
4
δµαη
λρG−1νγ G
−1σ
β F
γ
λνF
β
ρσ].
(5.67)
The global gravitational gauge symmetry of the system gives out the conservation
law of inertial energy-momentum tensor
∂µT
µ
iα = 0. (5.68)
Except for the factor J(C), the form of the inertial energy-momentum tensor is al-
most completely the same as that in the traditional quantum field theory. It means
that gravitational interactions will change energy-momentum of matter fields, which
is what we expected in Einstein’s general relativity.
The Euler-Lagrange equation for gravitational gauge field is
∂µ
∂L
∂∂µCαν
=
∂L
∂Cαν
. (5.69)
This form is completely the same as what we have ever seen in quantum field theory.
But if we insert eq.(5.59) into it, we will get
∂µ
∂L0
∂∂µCαν
=
∂L0
∂Cαν
+ gG−1να L0 − gG−1να (∂µCαν )
∂L0
∂∂µCαν
. (5.70)
Eq.(5.30) can be changed into
F αµν = (DµC
α
ν )− (DνCαµ ), (5.71)
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so the Lagrangian L0 depends on gravitational gauge fields through its covariant
derivative, gαβ and G
−1µ
α . Therefore, we have
∂L0
∂Cαν
= g
4
ηνρηλσgβγF
β
ρσ(∂αC
γ
λ)
+ g
4
ηνρG−1λβ G
−1σ
γ F
β
ρσ(∂αC
γ
λ)
−g
2
ηνρG−1λγ G
−1σ
β F
β
ρσ(∂αC
γ
λ)
−g
4
ηλρG−1νβ G
−1σ
γ F
β
ρσ(∂αC
γ
λ)
+ g
2
ηλρG−1νγ G
−1σ
β F
β
ρσ(∂αC
γ
λ)
+ g
8
ηλρηκσgαγG
−1ν
β F
β
ρσF
γ
κλ
−g
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ
+ g
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ,
(5.72)
and
∂L0
∂∂µCαν
= −1
4
ηλρηνσgαβG
µ
λF
β
ρσ
+1
4
ηνρG−1σα F
µ
ρσ
−1
4
ηλρG−1νβ G
−1σ
α G
µ
λF
β
ρσ
+1
2
ηλρG−1να G
−1σ
β G
µ
λF
β
ρσ
−1
2
ηνρδµαG
−1σ
β F
β
ρσ.
(5.73)
The above field equation of gravitational gauge fields are changed into
∂µ(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ) = −gT νgα,
(5.74)
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where
T νgα =
1
4
ηνρηλσgβγF
β
ρσ(∂αC
γ
λ)
+1
4
ηνρG−1λβ G
−1σ
γ F
β
ρσ(∂αC
γ
λ)
−1
2
ηνρG−1λγ G
−1σ
β F
β
ρσ(∂αC
γ
λ)
−1
4
ηλρG−1νβ G
−1σ
γ F
β
ρσ(∂αC
γ
λ)
+1
2
ηλρG−1νγ G
−1σ
β F
β
ρσ(∂αC
γ
λ)
+1
4
ηλρηνσgαβG
−1κ
γ F
β
ρσ(DλC
γ
κ)
−1
4
ηνρG−1σα G
−1κ
γ F
µ
ρσ(∂µC
γ
κ)
+1
2
ηνρG−1σβ G
−1κ
γ F
β
ρσ(∂αC
γ
κ)
+1
4
ηλρG−1νβ G
−1σ
α G
−1κ
γ F
β
ρσ(DλC
γ
κ)
−1
2
ηλρG−1να G
−1σ
β G
−1κ
γ F
β
ρσ(DλC
γ
κ)
−1
4
ηλρηνσ∂µ(gαβC
µ
λF
β
ρσ)
−1
4
ηνρ∂β(C
σ
λG
−1λ
α F
β
ρσ)
+1
2
ηνρ∂α(C
σ
λG
−1λ
β F
β
ρσ)
+ 1
4g
ηλρ∂µ[(G
−1ν
β G
−1σ
α G
µ
λ − δνβδσαδµλ)F βρσ]
− 1
2g
ηλρ∂µ[(G
−1ν
α G
−1σ
β G
µ
λ − δναδσβδµλ)F βρσ]
−1
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ
+1
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ
−1
8
ηµρηλσgαγG
−1ν
β F
β
ρσF
γ
µλ
− 1
16
ηµρηλσgβγG
−1ν
α F
β
ρσF
γ
µλ
−1
8
ηµρG−1να G
−1λ
β G
−1σ
γ F
β
ρσF
γ
µλ
+1
4
ηµρG−1να G
−1λ
γ G
−1σ
β F
β
ρσF
γ
µλ.
(5.75)
T νgα is also a conserved current, that is
∂νT
ν
gα = 0, (5.76)
because of the following identity
∂ν∂µ(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ) = 0.
(5.77)
T νgα is called gravitational energy-momentum tensor, which is the source of grav-
itational gauge field. Now we get two different energy-momentum tensors, one is
the inertial energy-momentum tensor T νiα and another is the gravitational energy-
momentum tensor T νgα. They are similar, but they are different. The inertial energy-
momentum tensor T νiα is given by conservation law which is associate with global
gravitational gauge symmetry, it gives out an energy-momentum 4-vector:
Piα =
∫
d3
→
x T 0iα. (5.78)
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It is a conserved charges,
d
dt
Piα = 0. (5.79)
The time component of Piα, that is Pi0, gives out the Hamiltonian H of the system,
H = −Pi 0 =
∫
d3
→
x J(C)
(
πµα
·
C
α
µ −L0
)
. (5.80)
According to our conventional belief, H should be the inertial energy of the system,
therefore Piα is the inertial energy-momentum of the system. The gravitational
energy-momentum is given by the field equation of gravitational gauge field, it is
also a conserved current. The space integration of the time component of it gives
out a conserved energy-momentum 4-vector,
Pgα =
∫
d3
→
x T 0gα. (5.81)
It is also a conserved charge,
d
dt
Pgα = 0. (5.82)
Its time component just gives out the gravitational energy of the system, which is
the source of gravitational gauge field. This can be easily seen. For a static system,
if we Set ν and α in eq.(5.74) to 0, select harmonic gauge and make the leading term
approximation, we can get(details on this deducing can be found in the chapter on
classical limit of quantum gauge general relativity)
∇2C00 = −gT 0g0. (5.83)
Define
Ei = −∂iC00 . (5.84)
Ei is just the field strength of gravitational gauge field for a static system. The
space integration of eq.(5.83) gives out∮
d
→
σ · →E= g
∫
d3
→
x T 0g0. (5.85)
According to Newton’s classical theory of gravity,
∫
d3
→
x T 0g0 in the right hand term
is just the gravitational mass of the system. Denote the gravitational mass of the
system as Mg, that is
Mg = −
∫
d3
→
x T 0g0. (5.86)
Then eq(5.85) is changed into ∮
d
→
σ · →E= −gMg. (5.87)
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This is just the classical Newton’s law of universal gravitation. It can be strictly
proved that gravitational mass is different from inertial mass. They are not equiva-
lent. But their difference is at least first order infinitesimal quantity if the gravita-
tional field gCαµ , for this difference is proportional to gC
α
µ . So, this difference is too
small to be detected in experiments. But in the environment of strong gravitational
field, the difference will become relatively larger and will be easier to be detected.
Much more highly precise measurement of this difference is strongly needed to test
this prediction and to test the validity of the equivalence principle. In the chapter
of classical limit of quantum gauge theory of gravity, we will return to discuss this
problem again.
As we have stated before, the model given by the lagrangian (5.50) is quantum
gauge general relativity, so the field equation of gravitational gauge field given by
this Lagrangian should be the Einstein’s field equation. Indeed, this is true. That
is, the field equation (5.74) is just the Einstein’s field equation. If we use periodic
boundary conditions, all surface terms in the action must vanish, that is∫
d4x J(C) · 1
J(C)
∂β
[
2J(C)gαβG−1µα (∂γG
γ
µ)− 2J(C)gβδG−1µα (∂δGαµ)
]
= 0. (5.88)
Combine the above equation with the equation (5.47), we have∫
d4x J(C) · R0 =
∫
d4x J(C) · R. (5.89)
So, the action of the model can be written into
S = − 1
16πG
∫
d4x
√
−detgαβ · R. (5.90)
Denote the action of matter field as SM . If we consider the gravitational interactions
of matter fields, the total action of the system should be
S = − 1
16πG
∫
d4x
√
−detgαβ · R + SM . (5.91)
Make a variation of gravitational gauge field Cαµ , the variation of the operator gαβ
is
δgαβ = g(gγβG
−1µ
α + gγαG
−1µ
β )δC
γ
µ , (5.92)
and the change in the action is
δS =
g
16πG
∫
d4x
√
−detgα1β1
[
Rαβ − 1
2
gαβR + 8πGT αβ
]
(gγβG
−1µ
α +gγαG
−1µ
β )δC
γ
µ ,
(5.93)
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where T αβ is the symmetric energy-momentum tensor which is defined by
T αβ =
2√−detgα1β1
δSM
δgαβ
. (5.94)
The total action S is stationary with respect to arbitrary variations in Cγµ if and
only if [
Rα1β1 − 1
2
gα1β1R + 8πGT α1β1
]
(gγβ1G
−1µ
α1
+ gγα1G
−1µ
β1
) = 0. (5.95)
Multiply both side of the above equation with Gαµ, we get[
Rαβ1 − 1
2
gαβ1R + 8πGT αβ1
]
gγβ1 = 0. (5.96)
Then multiply both side of the above equation with gγβ, we get
Rαβ − 1
2
gαβR + 8πGT αβ = 0, (5.97)
which is just the Einstein’s field equation. Now, from the same action, the least
action principle gives out two equations (5.74) and (5.93). They are different in
forms, but they are essentially the same, for one action can only give out one field
equation. So, in quantum gauge general relativity, the field equation of gravitational
gauge field is the Einstein’s field equation.
Now, let’s discuss self-coupling of gravitational field. The Lagrangian of gravi-
tational gauge field is given by eq(5.59). Because
J(C) = 1 +
∞∑
m=1
1
m!
( ∞∑
n=1
gn
n
tr(Cn)
)m
(5.98)
there are vertexes of n gravitational gauge fields in tree diagram where n can be
arbitrary integer number that is greater than 3. This property is important for renor-
malization of the theory. Because the coupling constant of the gravitational gauge
interactions has negative mass dimension, any kind of regular vertex exists diver-
gence. In order to cancel these divergences, we need to introduce the corresponding
counterterms. Because of the existence of the vertex of n gravitational gauge fields
in tree diagram in the non-renormalized Lagrangian, we need not introduce any new
counterterm which does not exist in the non-renormalized Lagrangian, what we need
to do is to redefine gravitational coupling constant g and gravitational gauge field
Cαµ in renormalization. If there is no J(C) term in the original Lagrangian, then we
will have to introduce infinite counterterms in renormalization, and therefore the
theory is non-renormalizable. Because of the existence of the factor J(C), though
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quantum gauge theory of gravity looks like a non-renormalizable theory according
to the power counting law, it is indeed renormalizable. In a word, the factor J(C)
is highly important for the quantum gauge general relativity.
6 Gravitational Interactions of Scalar Fields
Now, let’s start to discuss gravitational interactions of matter fields. First, we
discuss gravitational interactions of scalar fields. For the sake of simplicity, we first
discuss real scalar field. Suppose that φ(x) is a real scalar field. The traditional
Lagrangian for the real scalar field is
−1
2
ηµν∂µφ(x)∂νφ(x)− m
2
2
φ2(x), (6.1)
where m is the mass of scalar field. This is the Lagrangian for a free real scalar field.
Its Euler-Lagrangian equation of motion is
(ηµν∂µ∂ν −m2)φ(x) = 0, (6.2)
which is the famous Klein-Gordan equation.
Now, replace the ordinary partial derivative ∂µ with gauge covariant derivative
Dµ, and add into the Lagrangian of pure gravitational gauge field, we get
L0 = −12ηµν(Dµφ)(Dνφ)− m
2
2
φ2
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(6.3)
The full Lagrangian is selected to be
L = J(C)L0, (6.4)
and the action S is defined by
S =
∫
d4x L. (6.5)
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Using our previous definitions of gauge covariant derivative Dµ and strength of
gravitational gauge field F αµν , we can obtain an explicit form of Lagrangian L,
L = LF + LI , (6.6)
with LF the free Lagrangian and LI the interaction Lagrangian. Their explicit
expressions are
LF = −12ηµν∂µφ(x)∂νφ(x)− m
2
2
φ2(x)
− 1
16
ηµρηνσηαβF
α
0µνF
β
0ρσ − 18ηµρF α0µβF β0ρα + 14ηµρF α0µαF β0ρβ
(6.7)
LI = (J(C)− 1) · (−12ηµν∂µφ(x)∂νφ(x)− m
2
2
φ2(x))
+gJ(C)ηµνCαµ (∂αφ)(∂νφ)− g
2
2
J(C)ηµνCαµC
β
ν (∂αφ)(∂βφ)
+self interaction terms of Gravitational gauge field,
(6.8)
where,
F α0µν = ∂µC
α
ν − ∂νCαµ . (6.9)
From eq.(6.8), we can see that scalar field can directly couples to any number of
gravitational gauge fields. This is one of the most important interaction properties of
gravity. Other kinds of interactions, such as strong interactions, weak interactions
and electromagnetic interactions do not have this kind of interaction properties.
Because the gravitational coupling constant has negative mass dimension, renor-
malization of theory needs this kind of interaction properties. In other words, if
matter field can not directly couple to any number of gravitational gauge fields, the
theory will be non-renormalizable.
The symmetries of the theory can be easily seen from eq.(6.3). First, let’s dis-
cuss Lorentz symmetry. In eq.(6.3), some indexes are Lorentz indexes and some are
group indexes. Lorentz indexes and group indexes have different transformation law
under gravitational gauge transformation, but they have the same transformation
law under Lorentz transformation. Therefor, it can be easily seen that both L0 and
J(C) are Lorentz scalars, the Lagrangian L and action S are invariant under global
Lorentz transformation.
Under gravitational gauge transformations, real scalar field φ(x) transforms as
φ(x)→ φ′(x) = (Uˆǫφ(x)), (6.10)
therefore,
Dµφ(x)→ D′µφ′(x) = (UˆǫDµφ(x)). (6.11)
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Using above relations and relations (5.24), (5.25) and (5.32) we can easily prove that
L0 transforms covariantly
L0 → L′0 = (UˆǫL0), (6.12)
and the action eq.(6.5) of the system is invariant,
S → S ′ = S. (6.13)
Please remember that eq.(5.62) and eq.(5.57) are an important relations to be used
in the proof of the gravitational gauge symmetry of the action.
Global gravitational gauge symmetry gives out conserved charges. Suppose that
Uˆǫ is an infinitesimal gravitational gauge transformation, it will have the form of
eq.(5.63). The first order variations of fields are
δCαµ (x) = −ǫν(∂νCαµ (x)), (6.14)
δφ(x) = −ǫν(∂νφ(x)), (6.15)
Using Euler-Lagrange equation of motions for scalar fields and field equation for
gravitational gauge fields, we can obtain that
δS =
∫
d4xǫα∂µT
µ
iα, (6.16)
where
T µiα ≡ J(C)
(
− ∂L0
∂∂µφ
∂αφ− ∂L0
∂∂µC
β
ν
∂αC
β
ν + δ
µ
αL0
)
. (6.17)
Because action is invariant under global gravitational gauge transformation,
δS = 0, (6.18)
and ǫα is an arbitrary infinitesimal constant 4-vector, we obtain,
∂µT
µ
iα = 0. (6.19)
This is the conservation equation for inertial energy-momentum tensor. T µiα is the
conserved current which corresponds to the global gravitational gauge symmetry.
The space integration of the time component of inertial energy-momentum tensor
gives out the conserved charge, which is just the inertial energy-momentum of the
system. The time component of the conserved charge is the Hamilton of the system,
which is
H = −Pi 0 =
∫
d3
→
x J(C)(πφ
·
φ +πµα
·
C
α
µ −L0), (6.20)
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where πφ and π
µ
α are canonical conjugate momenta of the real scalar field and grav-
itational field
πφ =
∂L0
∂
·
φ
, (6.21)
πµα =
∂L0
∂
·
Cαµ
. (6.22)
The inertial space momentum of the system is given by
P i = Pi i =
∫
d3
→
x J(C)(−πφ∂iφ− πµα∂iCαµ ). (6.23)
According to gauge principle, after quantization, they will become generators of
quantum gravitational gauge transformation.
Using the difinion (5.19), we can change the Lagrangian given by eq.(6.3) into
L0 = −1
2
gαβ(∂αφ)(∂βφ)− m
2
2
φ2 − 1
16πG
R0. (6.24)
gαβ is the metric tensor of curved group space-time. We can easily see that, when
there is no gravitational field in space-time, that is,
Cαµ = 0, (6.25)
the group space-time will be flat
gαβ = ηαβ. (6.26)
This is what we expected in Einstein’s general relativity.
Euler-Lagrange equations of motion can be easily deduced from action principle.
Keep gravitational gauge field Cαµ fixed and let real scalar field vary infinitesimally,
then the first order infinitesimal variation of action is
δS =
∫
d4xJ(C)
(
∂L0
∂φ
− ∂µ ∂L0
∂∂µφ
− gG−1να (∂µCαν )
∂L0
∂∂µφ
)
δφ. (6.27)
Because δφ is an arbitrary variation of scalar field, according to action principle, we
get
∂L0
∂φ
− ∂µ ∂L0
∂∂µφ
− gG−1να (∂µCαν )
∂L0
∂∂µφ
= 0. (6.28)
Because of the existence of the factor J(C), the equation of motion for scalar field is
quite different from the traditional form in quantum field theory. But the difference
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is a second order infinitesimal quantity if we suppose that both gravitational cou-
pling constant and gravitational gauge field are first order infinitesimal quantities.
Because
∂L0
∂∂αφ
= −gαβ∂βφ, (6.29)
∂L0
∂φ
= −m2φ, (6.30)
the explicit form of the equation of motion of scalar field is
gαβ∂α∂βφ−m2φ+ (∂αgαβ)∂βφ+ ggαβ(∂βφ)G−1νγ (∂αCγν ) = 0. (6.31)
The field equation for gravitational gauge field is:
∂µ(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ) = −gT νgα,
(6.32)
where T νgα is the gravitational energy-momentum tensor, whose definition is:
T νgα = − ∂L0∂DνCβµ ∂αC
β
µ − ∂L0∂Dνφ∂αφ+G−1να L0 −G−1λβ (∂µC
β
λ )
∂L0
∂∂µCαν
−1
4
ηλρηνσ∂µ(gαβC
µ
λF
β
ρσ)
−1
4
ηνρ∂β(C
σ
λG
−1λ
α F
β
ρσ)
+1
2
ηνρ∂α(C
σ
λG
−1λ
β F
β
ρσ)
+ 1
4g
ηλρ∂µ[(G
−1ν
β G
−1σ
α G
µ
λ − δνβδσαδµλ)F βρσ]
− 1
2g
ηλρ∂µ[(G
−1ν
α G
−1σ
β G
µ
λ − δναδσβδµλ)F βρσ]
−1
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ
+1
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ
−1
8
ηµρηλσgαγG
−1ν
β F
β
ρσF
γ
µλ.
(6.33)
We can see again that, for matter field, its inertial energy-momentum tensor is also
different from the gravitational energy-momentum tensor, this difference completely
originate from the influences of gravitational gauge field. Compare eq.(6.33) with
eq.(6.17), and set gravitational gauge field to zero, that is
Dµφ = ∂µφ, (6.34)
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J(C) = 1, (6.35)
then we find that two energy-momentum tensors are completely the same:
T µiα = T
µ
gα. (6.36)
It means that the equivalence principle only strictly hold in a space-time where there
is no gravitational field. In the environment of strong gravitational field, such as in
black hole, the equivalence principle will be strongly violated.
Field equation of gravitational gauge field can be written into another form.
Starting from eq. (6.24) and making a variation of gravitational gauge field, we get
δS =
g
16πG
∫
d4x J(C)
[
Rαβ − 1
2
gαβR + 8πGT αβ
]
(gγβG
−1µ
α + gγαG
−1µ
β )δC
γ
µ ,
(6.37)
where T αβ is the energy-momentum tensor of the scalar field
T αβ = gαα1gββ1(∂α1φ)(∂β1φ) + g
αβ
[
−1
2
gα1β1(∂α1φ)(∂β1φ)−
m2
2
φ2
]
. (6.38)
Then action principle gives out the Einstein’s field equation
Rαβ − 1
2
gαβR + 8πGT αβ = 0. (6.39)
The Einstein’s field equation is equivalent to the field equation (6.32).
Define
L =
∫
d3
→
x L =
∫
d3
→
x J(C)L0. (6.40)
Then, we can easily prove that
δL
δφ
= J(C)
(
∂L0
∂φ
− ∂i ∂L0
∂∂iφ
− gG−1µα (∂iCαµ )
∂L0
∂∂iφ
)
, (6.41)
δL
δ
·
φ
= J(C)
∂L0
∂
·
φ
, (6.42)
δL
δCαν
= J(C)
(
∂L0
∂Cαν
− ∂i ∂L0
∂∂iCαν
+ gG−1να L0 − gG−1µβ (∂iCβµ )
∂L0
∂∂iCαν
)
, (6.43)
δL
δ
·
Cαν
= J(C)
∂L0
∂
·
Cαν
. (6.44)
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Then, Hamilton’s action principle gives out the following equations of motion:
δL
δφ
− d
dt
δL
δ
·
φ
= 0, (6.45)
δL
δCαν
− d
dt
δL
δ
·
Cαν
= 0. (6.46)
These two equations of motion are essentially the same as the Euler-Lagrange equa-
tions of motion which we have obtained before. But these two equations have more
beautiful forms.
The Hamiltonian of the system is given by a Legendre transformation,
H =
∫
d3
→
x
(
δL
δ
·
φ
·
φ + δL
δ
·
Cαµ
·
Cαµ
)
− L
=
∫
d3
→
x J(C)
(
πφ
·
φ +πµα
·
C
α
µ −L0
)
,
(6.47)
where πφ and π
µ
α are canonical conjugate momenta whose definitions are given by
(6.21) and (6.22). It can be easily seen that the Hamiltonian given by Legendre
transformation is completely the same as that given by inertial energy-momentum
tensor. After Legendre transformation, φ, Cαµ , J(C)πφ and J(C)π
µ
α are canonical
independent variables. Let these variables vary infinitesimally, we can get
δH
δφ
= −δL
δφ
, (6.48)
δH
δ(J(C)πφ)
=
·
φ, (6.49)
δH
δCαν
= − δL
δCαν
, (6.50)
δH
δ(J(C)πνα)
=
·
Cαν . (6.51)
Then, Hamilton’s equations of motion read:
d
dt
φ =
δH
δ(J(C)πφ)
, (6.52)
d
dt
(J(C)πφ) = −δH
δφ
, (6.53)
d
dt
Cαν =
δH
δ(J(C)πνα)
, (6.54)
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ddt
(J(C)πνα) = −
δH
δCαν
. (6.55)
The forms of the Hamilton’s equations of motion are completely the same as those
appears in usual quantum field theory and usual classical analytical mechanics.
Therefor, the introduction of the factor J(C) does not affect the forms of Lagrange
equations of motion and Hamilton’s equations of motion.
The Poisson brackets of two general functional of canonical arguments can be
defined by
{A , B} = ∫ d3 →x ( δA
δφ
δB
δ(J(C)πφ)
− δA
δ(J(C)πφ)
δB
δφ
+ δA
δCαν
δB
δ(J(C)πνα)
− δA
δ(J(C)πνα)
δB
δCαν
)
.
(6.56)
According to this definition, we have
{φ(→x, t) , (J(C)πφ)(
→
y , t)} = δ3(→x − →y ), (6.57)
{Cαν (
→
x, t) , (J(C)πµβ)(
→
y , t)} = δµν δαβ δ3(
→
x − →y ). (6.58)
These two relations can be used as the starting point of canonical quantization of
quantum gravity.
Using Poisson brackets, the Hamilton’s equations of motion can be expressed in
other forms,
d
dt
φ(
→
x, t) = {φ(→x, t) , H}, (6.59)
d
dt
(J(C)πφ)(
→
x, t) = {(J(C)πφ)(→x, t) , H}, (6.60)
d
dt
Cαν (
→
x, t) = {Cαν (
→
x, t) , H}, (6.61)
d
dt
(J(C)πνα)(
→
x, t) = {(J(C)πνα)(
→
x, t) , H}. (6.62)
Therefore, if A is an arbitrary functional of the canonical arguments φ, Cαµ , J(C)πφ
and J(C)πµα, then we have ·
A= {A , H}. (6.63)
After quantization, this equation will become the Heisenberg equation.
If φ(x) is a complex scalar field, its traditional Lagrangian is
−ηµν∂µφ(x)∂νφ∗(x)−m2φ(x)φ∗(x). (6.64)
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Replace ordinary partial derivative with gauge covariant derivative, and add into
the Lagrangian for pure gravitational gauge field, we get,
L0 = −ηµν(Dµφ)(Dνφ)∗ −m2φφ∗
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(6.65)
Repeating all above discussions, we can get the whole theory for gravitational inter-
actions of complex scalar fields. We will not repeat this discussion here.
7 Gravitational Interactions of Dirac Field
In the usual quantum field theory, the Lagrangian for Dirac field is
−ψ¯(γµ∂µ +m)ψ. (7.1)
Replace ordinary partial derivative with gauge covariant derivative, and add into
the Lagrangian of pure gravitational gauge field, we get,
L0 = −ψ¯(γµDµ +m)ψ
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(7.2)
The full Lagrangian of the system is
L = J(C)L0, (7.3)
and the corresponding action is
S =
∫
d4xL =
∫
d4x J(C)L0. (7.4)
This Lagrangian can be separated into two parts,
L = LF + LI , (7.5)
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with LF the free Lagrangian and LI the interaction Lagrangian. Their explicit forms
are
LF = −ψ¯(γµ∂µ +m)ψ
− 1
16
ηµρηνσηαβF
α
0µνF
β
0ρσ − 18ηµρF α0µβF β0ρα + 14ηµρF α0µαF β0ρβ,
(7.6)
LI = (J(C)− 1) ·
[−ψ¯(γµ∂µ +m)ψ]+ gJ(C)ψ¯γµ(∂αψ)Cαµ
+self interaction terms of Gravitational gauge field.
(7.7)
From LI , we can see that Dirac field can directly couple to any number of grav-
itational gauge fields, the mass term of Dirac field also take part in gravitational
interactions. All these interactions are completely determined by the requirement
of gravitational gauge symmetry. The Lagrangian function before renormalization
almost contains all kind of divergent vertex, which is important in the renormaliza-
tion of the theory. Besides, from eq.(7.7), we can directly write out Feynman rules
of the corresponding interaction vertexes.
Because the traditional Lagrangian function eq.(7.1) is invariant under global
Lorentz transformation, which is already proved in the traditional quantum field
theory, and the covariant derivative has the same behavior as partial derivative un-
der global Lorentz transformation, the first two terms of Lagrangian L are global
Lorentz invariant. We have already prove that the Lagrangian function for pure
gravitational gauge field is invariant under global Lorentz transformation. Therefor,
L has global Lorentz symmetry.
The gravitational gauge transformation of Dirac field is
ψ(x)→ ψ′(x) = (Uˆǫψ(x)). (7.8)
ψ¯ transforms similarly,
ψ¯(x)→ ψ¯′(x) = (Uˆǫψ¯(x)). (7.9)
Dirac γ-matrices is not a physical field, so it keeps unchanged under gravitational
gauge transformation,
γµ → γµ. (7.10)
Using above relations and relations (5.24), (5.25) and (5.32) we can prove that,
under gravitational gauge transformation, L0 transforms as
L0 → L′0 = (UˆǫL0). (7.11)
So,
L → L′ = J(UˆǫL0), (7.12)
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where J is the Jacobi of the corresponding space-time translation. Then using
eq.(5.62), we can prove that the action S has gravitational gauge symmetry.
Suppose that Uˆǫ is an infinitesimal global transformation, then the first order
infinitesimal variations of Dirac field are
δψ = −ǫν∂νψ, (7.13)
δψ¯ = −ǫν∂νψ¯. (7.14)
The first order variation of action is
δS =
∫
d4xǫα∂µT
µ
iα, (7.15)
where T µiα is the inertial energy-momentum tensor whose definition is,
T µiα ≡ J(C)
(
− ∂L0
∂∂µψ
∂αψ − ∂L0
∂∂µC
β
ν
∂αC
β
ν + δ
µ
αL0
)
. (7.16)
The global gravitational gauge symmetry of action gives out conservation equation
of the inertial energy-momentum tensor,
∂µT
µ
iα = 0. (7.17)
The inertial energy-momentum tensor is the conserved current which expected by
gauge principle. The space integration of its time component gives out the conserved
energy-momentum of the system,
H = −Pi 0 =
∫
d3
→
x J(C)
(
πψ
·
ψ +πµα
·
C
α
µ −L0
)
, (7.18)
P i = Pi i =
∫
d3
→
x J(C)
(−πψ∂iψ − πµα∂iCαµ) , (7.19)
where
πψ =
∂L0
∂
·
ψ
. (7.20)
The equation of motion of Dirac field is
(γµDµ +m)ψ = 0. (7.21)
From this expression, we can see that the factor J(C) does not affect the equation of
motion of Dirac field. This is caused by the asymmetric form of the Lagrangian. If
we use a symmetric form of Lagrangian, the factor J(C) will also affect the equation
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of motion of Dirac field, which will be discussed later.
The field equation of gravitational gauge field can be easily deduced,
∂µ(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ) = −gT νgα,
(7.22)
where T νgα is the gravitational energy-momentum tensor, whose definition is:
T νgα = − ∂L0∂DνCβµ ∂αC
β
µ − ∂L0∂Dνψ∂αψ +G−1να L0 −G−1λβ (∂µC
β
λ )
∂L0
∂∂µCαν
−1
4
ηλρηνσ∂µ(gαβC
µ
λF
β
ρσ)
−1
4
ηνρ∂β(C
σ
λG
−1λ
α F
β
ρσ)
+1
2
ηνρ∂α(C
σ
λG
−1λ
β F
β
ρσ)
+ 1
4g
ηλρ∂µ[(G
−1ν
β G
−1σ
α G
µ
λ − δνβδσαδµλ)F βρσ]
− 1
2g
ηλρ∂µ[(G
−1ν
α G
−1σ
β G
µ
λ − δναδσβδµλ)F βρσ]
−1
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ
+1
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ
−1
8
ηµρηλσgαγG
−1ν
β F
β
ρσF
γ
µλ.
(7.23)
We see again that the gravitational energy-momentum tensor is different from the
inertial energy-momentum tensor. This field equation is also equivalent to the Ein-
stein’s field equation which has the following form
Rαβ − 1
2
gαβR + 8πGT αβ = 0, (7.24)
where T αβ is the symmetric energy-momentum tensor of Dirac field
T αβ =
1
2
(ψ¯γµ∂γψ)(G
α
µg
βγ +Gβµg
αγ)− gαβψ¯(γµDµ +m)ψ (7.25)
In usual quantum field theory, the Lagrangian for Dirac field has a more sym-
metric form, which is
−ψ¯(γµ ↔∂µ +m)ψ, (7.26)
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where
↔
∂µ=
∂µ−
←
∂µ
2
. (7.27)
The Euler-Lagrange equation of motion of eq.(7.26) also gives out the conventional
Dirac equation.
Now replace ordinary space-time partial derivative with covariant derivative, and
add into the Lagrangian of pure gravitational gauge field, we get,
L0 = −ψ¯(γµ
↔
Dµ +m)ψ
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ,
(7.28)
where
↔
Dµ is defined by
↔
Dµ=
Dµ−
←
Dµ
2
. (7.29)
Operator
←
Dµ is understood in the following way
f(x)
←
Dµ g(x) = (Dµf(x))g(x), (7.30)
with f(x) and g(x) two arbitrary functions. The Lagrangian density L and action S
are also defined by eqs.(7.3-7.4). In this case, the free Lagrangian LF and interaction
Lagrangian LI are given by
LF = −ψ¯(γµ
↔
∂µ +m)ψ
− 1
16
ηµρηνσηαβF
α
0µνF
β
0ρσ − 18ηµρF α0µβF β0ρα + 14ηµρF α0µαF β0ρβ ,
(7.31)
LI = (J(C)− 1) ·
[
−ψ¯(γµ ↔∂µ +m)ψ
]
+ gJ(C)(ψ¯γµ
↔
∂α ψ)C
α
µ
+self interaction terms of Gravitational gauge field.
(7.32)
The Euler-Lagrange equation of motion for Dirac field is
∂L0
∂ψ¯
− ∂µ ∂L0
∂∂µψ¯
− gG−1να (∂µCαν )
∂L0
∂∂µψ¯
= 0. (7.33)
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Because
∂L0
∂ψ¯
= −1
2
γµDµψ −mψ, (7.34)
∂L0
∂∂µψ¯
=
1
2
γαGµαψ, (7.35)
eq.(7.33) will be changed into
(γµDµ +m)ψ = −1
2
γµ(∂αG
α
µ)ψ −
1
2
gγµψG−1νβ (DµC
β
ν ). (7.36)
If gravitational gauge field vanishes, this equation of motion will return to the tra-
ditional Dirac equation.
The inertial energy-momentum tensor now becomes
T µiα = J(C)
(
− ∂L0
∂∂µψ
∂αψ − (∂αψ¯) ∂L0
∂∂µψ¯
− ∂L0
∂∂µC
β
ν
∂αC
β
ν + δ
µ
αL0
)
, (7.37)
and the gravitational energy-momentum tensor becomes
T νgα = − ∂L0∂DνCβµ ∂αC
β
µ − ∂L0∂Dνψ∂αψ − (∂αψ¯) ∂L0∂Dν ψ¯ +G−1να L0
−G−1λβ (∂µCβλ ) ∂L0∂∂µCαν
−1
4
ηλρηνσ∂µ(gαβC
µ
λF
β
ρσ)
−1
4
ηνρ∂β(C
σ
λG
−1λ
α F
β
ρσ)
+1
2
ηνρ∂α(C
σ
λG
−1λ
β F
β
ρσ)
+ 1
4g
ηλρ∂µ[(G
−1ν
β G
−1σ
α G
µ
λ − δνβδσαδµλ)F βρσ]
− 1
2g
ηλρ∂µ[(G
−1ν
α G
−1σ
β G
µ
λ − δναδσβδµλ)F βρσ]
−1
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ
+1
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ
−1
8
ηµρηλσgαγG
−1ν
β F
β
ρσF
γ
µλ.
(7.38)
Both of them are conserved energy-momentum tensor. But they are not equivalent.
The field equation of gravitational gauge field still are (7.22), but should replace
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the gravitational energy-momentum tensor T νgα with (7.38). The Einstein’s field
equation is still (7.24), but the energy-momentum tensor T αβ should be
T αβ =
1
2
(ψ¯γµ
↔
∂ γ ψ)(G
α
µg
βγ +Gβµg
αγ)− gαβ
[
ψ¯(γµ
↔
Dµ +m)ψ
]
(7.39)
8 Gravitational Interactions of Vector Field
The traditional Lagrangian for vector field is
−1
4
ηµρηνσAµνAρσ − m
2
2
ηµνAµAν , (8.1)
where Aµν is the strength of vector field which is given by
∂µAν − ∂νAµ. (8.2)
The Lagrangian L0 that describes gravitational interactions between vector field and
gravitational fields is
L0 = −14ηµρηνσAµνAρσ − m
2
2
ηµνAµAν
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(8.3)
In eq.(8.3), the definition of strength Aµν is not given by eq.(8.2), it is given by
Aµν = DµAν −DνAµ
= ∂µAν − ∂νAµ − gCαµ∂αAν + gCαν ∂αAµ, (8.4)
where Dµ is the gravitational gauge covariant derivative, whose definition is given
by eq.(5.4). The full Lagrangian L is given by,
L = J(C)L0. (8.5)
The action S is defined by
S =
∫
d4x L. (8.6)
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The Lagrangian L can be separated into two parts: the free Lagrangian LF and
interaction Lagrangian LI . The explicit forms of them are
LF = −14ηµρηνσA0µνA0ρσ − m
2
2
ηµνAµAν
− 1
16
ηµρηνσηαβF
α
0µνF
β
0ρσ − 18ηµρF α0µβF β0ρα + 14ηµρF α0µαF β0ρβ,
(8.7)
LI = (J(C)− 1) · (−14ηµρηνσA0µνA0ρσ − m
2
2
ηµνAµAν)
+gJ(C)ηµρηνσA0µνC
α
ρ ∂αAσ
−g2
2
J(C)ηµρηνσ(CαµC
β
ρ (∂αAν)(∂βAσ)− Cαν Cβρ (∂αAµ)(∂βAσ))
+ self interaction terms of Gravitational gauge field,
(8.8)
where A0µν = ∂µAν − ∂νAµ. The first three lines of LI contain interactions between
vector field and gravitational gauge fields. It can be seen that the vector field can
also directly couple to arbitrary number of gravitational gauge fields, which is one of
the most important properties of gravitational gauge interactions. This interaction
property is required and determined by local gravitational gauge symmetry.
Under Lorentz transformations, group index and Lorentz index have the same
behavior. Therefor every term in the Lagrangian L are Lorentz scalar, and the whole
Lagrangian L and action S have Lorentz symmetry.
Under gravitational gauge transformations, vector field Aµ transforms as
Aµ(x)→ A′µ(x) = (UˆǫAµ(x)). (8.9)
DµAν and Aµν transform covariantly,
DµAν → D′µA′ν = (UˆǫDµAν), (8.10)
Aµν → A′µν = (UˆǫAµν). (8.11)
So, the gravitational gauge transformations of L0 and L respectively are
L0 → L′0 = (UˆǫL0), (8.12)
L → L′ = J(UˆǫL0). (8.13)
The action of the system is gravitational gauge invariant.
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The global gravitational gauge transformation gives out conserved current of
gravitational gauge symmetry. Under infinitesimal global gravitational gauge trans-
formation, the vector field Aµ transforms as
δAµ = −ǫα∂αAµ. (8.14)
The first order variation of action is
δS =
∫
d4xǫα∂µT
µ
iα, (8.15)
where T µiα is the inertial energy-momentum tensor whose definition is,
T µiα = J(C)
(
− ∂L0
∂∂µAν
∂αAν − ∂L0
∂∂µC
β
ν
∂αC
β
ν + δ
µ
αL0
)
. (8.16)
T µiα is a conserved current. The space integration of its time component gives out
inertial energy-momentum of the system,
H = −Pi 0 =
∫
d3
→
x J(C)
(
πµ
·
Aµ +π
µ
α
·
Cαµ −L0
)
, (8.17)
P i = Pi i =
∫
d3
→
x J(C)
(−πµ∂iAµ − πµα∂iCαµ) , (8.18)
where
πµ =
∂L0
∂
·
Aµ
. (8.19)
The equation of motion for vector field is
∂L0
∂Aν
− ∂µ ∂L0
∂∂µAν
− gG−1λα (∂µCαλ )
∂L0
∂∂µAν
= 0. (8.20)
From eq.(8.3), we can obtain
∂L0
∂∂µAν
= −ηλρηνσGµλAρσ, (8.21)
∂L0
∂Aν
= −m2ηλνAλ. (8.22)
Then, eq.(8.20) is changed into
ηµρηνσDµAρσ −m2ηµνAµ = −ηλρηνσ(∂µGµλ)Aρσ − gηµρηνσAρσG−1µα (DµCαµ ). (8.23)
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The equation of motion of gravitational gauge field is
∂µ(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ) = −gT νgα,
(8.24)
where T νgα is the gravitational energy-momentum tensor,
T νgα = − ∂L0∂DνCβµ ∂αC
β
µ − ∂L0∂DνAµ∂αAµ +G−1να L0 −G−1ργ (∂µCγρ ) ∂L0∂∂µCαν
−1
4
ηλρηνσ∂µ(gαβC
µ
λF
β
ρσ)
−1
4
ηνρ∂β(C
σ
λG
−1λ
α F
β
ρσ)
+1
2
ηνρ∂α(C
σ
λG
−1λ
β F
β
ρσ)
+ 1
4g
ηλρ∂µ[(G
−1ν
β G
−1σ
α G
µ
λ − δνβδσαδµλ)F βρσ]
− 1
2g
ηλρ∂µ[(G
−1ν
α G
−1σ
β G
µ
λ − δναδσβδµλ)F βρσ]
−1
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ
+1
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ
−1
8
ηµρηλσgαγG
−1ν
β F
β
ρσF
γ
µλ.
(8.25)
T νgα is also a conserved current. The space integration of its time component gives
out the gravitational energy-momentum which is the source of gravitational inter-
actions. It can be also seen that inertial energy-momentum tensor and gravitational
energy-momentum tensor are not equivalent.
9 GSU(N) Unification Model
Now, let’s discuss how to unify traditional SU(N) gauge field theory with gravi-
tational gauge field theory[32], which is the foundation of the unification of funda-
mental interactions. As an example, we discuss gravitational gauge interactions and
SU(N) non-Abelian gauge interactions of Dirac field. The generators of SU(N)
group is denoted as Ta, they satisfies
[Ta , Tb] = ifabcTc, (9.1)
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Tr(TaTb) = Kδab. (9.2)
The SU(N) non-Abelian gauge field is denoted as Aµ, which is an element of SU(N)
Lie algebra,
Aµ(x) = A
a
µ(x)Ta, (9.3)
where Aaµ(x) are component fields.
Because an arbitrary element U(x) of SU(N) group does not commute with an
arbitrary element Uˆǫ of gravitational gauge group,
[U(x) , Uˆǫ] 6= 0. (9.4)
The product group of SU(N) group and gravitational group is not direct product
group, but semi-direct product group, which we will denoted as GSU(N) group
GSU(N)
△
= SU(N)⊗s Gravitational Gauge Group. (9.5)
An arbitrary element of GSU(N) is denoted as g(x), which is defined by
g(x)
△
= Uˆǫ · U(x). (9.6)
The gauge covariant derivative of GSU(N) group is
Dµ
△
= ∂µ − igCµ − igsAµ = Dµ − igsAµ, (9.7)
where gs is the coupling constant of non-Abelian SU(N) gauge interactions, Cµ is
the gravitational gauge field and Dµ is the gravitational gauge covariant derivative.
The field strength of non-Abelian gauge field Aµ is
Aµν = (DµAν)− (DνAµ)− igs[Aµ , Aν ]. (9.8)
Aµν is also an element of SU(N) Lie algebra,
Aµν(x) = A
a
µν(x)Ta, (9.9)
where
Aaµν = (DµA
a
ν)− (DνAaµ) + gsfabcAbµAcν . (9.10)
Aµν is not a SU(N) gauge covariant field strength.
SU(N) Gauge covariant field strength is defined by
Aµν = Aµν + gG
−1λ
σ AλF
σ
µν = A
a
µνTa, (9.11)
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where
A
a
µν = A
a
µν + gG
−1λ
σ A
a
λF
σ
µν . (9.12)
The lagrangian density L0 is given by,
L0 = −ψ¯[γµ(Dµ − igsAµ) +m]ψ − 14ηµρηνσAaµνAaρσ
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(9.13)
The full lagrangian density L is defined by
L = J(C)L0, (9.14)
And the action of the system is
S =
∫
d4xL =
∫
d4xJ(C)L0. (9.15)
Now, we discus symmetry of the system. Under SU(N) gauge transformations,
gravitational gauge field Cµ(x) is kept unchanged. Therefore, F
α
µν , G
α
µ, G
−1µ
α , Dµ
and J(C) are not changed under local SU(N) gauge transformations. Other fields
and operators transform as
ψ → ψ′ = (U(x)ψ), (9.16)
Aµ → A′µ = U(x)AµU−1(x)−
1
igs
U(x)(DµU
−1(x)), (9.17)
Aµν → A′µν = U(x)AµνU−1(x) +
g
igs
F σµνU(x)(∂σU
−1(x)), (9.18)
Aµν → A′µν = U(x)AµνU−1(x). (9.19)
Using all these relations, we can prove that the lagrangian density L0 does not
change under local SU(N) gauge transformations
L0 → L′0 = L0. (9.20)
Because both integration measure d4x and J(C) are not changed under non-Abelian
SU(N) gauge transformation, the action is invariant under SU(N) gauge transfor-
mation. Therefore, the system has local SU(N) gauge symmetry.
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Under local gravitational gauge transformation, the transformations of various
fields and operators are
ψ → ψ′ = (Uˆǫψ), (9.21)
ψ¯ → ψ¯′ = (Uˆǫψ¯), (9.22)
Aµ → A′µ = UˆǫAµUˆ−1ǫ , (9.23)
Cµ → C ′µ = UˆǫCµUˆ−1ǫ −
1
ig
Uˆǫ(∂µUˆ
−1
ǫ ), (9.24)
gαβ → g′αβ = Λ α1α Λ β1β (Uˆǫgα1β1), (9.25)
Dµ → D′µ = UˆǫDµUˆ−1ǫ , (9.26)
Aµν → A′µν = UˆǫAµνUˆ−1ǫ , (9.27)
F σµν → F ′σµν = ΛσρUˆǫF ρµνUˆ−1ǫ , (9.28)
Gαµ → G′αµ = ΛαβUˆǫGβµUˆ−1ǫ , (9.29)
G−1µα → G′−1µα = Λ βα UˆǫG−1µβ Uˆ−1ǫ , (9.30)
Aµν → A′µν = UˆǫAµνUˆ−1ǫ , (9.31)
J(C)→ J ′(C ′) = J · UˆǫJ(C)Uˆ−1ǫ , (9.32)
where J is the Jacobian of the corresponding transformation. Using all these rela-
tions and the following relation∫
d4xJ(Uˆǫf(x)) =
∫
d4xf(x), (9.33)
where f(x) is an arbitrary function, we can prove that
L0 → L′0 = (UˆǫL0), (9.34)
L → L′ = J(UˆǫL), (9.35)
S → S ′ = S. (9.36)
Therefore, the system has local gravitational gauge symmetry.
Combining above results on local SU(N) gauge transformations and local grav-
itational gauge transformations, we know that under general GSU(N) gauge trans-
formation g(x), transformations of various fields and operators are
ψ → ψ′ = (g(x)ψ), (9.37)
ψ¯ → ψ¯′ = (Uˆǫ(ψ¯U †(x))), (9.38)
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Aµ → A′µ = g(x)
[
Aµ − 1
igs
(DµU
−1(x))U(x)
]
g−1(x), (9.39)
Cµ → C ′µ = UˆǫCµUˆ−1ǫ −
1
ig
Uˆǫ(∂µUˆ
−1
ǫ ), (9.40)
Dµ → D′µ = g(x)Dµg−1(x), (9.41)
Aµν → A′µν = g(x)
[
Aµν +
g
igs
F σµν(∂σU
−1(x))U(x)
]
g−1(x), (9.42)
F σµν → F ′σµν = Λσρg(x)F ρµνg−1(x), (9.43)
Gαµ → G′αµ = Λαβg(x)Gβµg−1(x), (9.44)
G−1µα → G′−1µα = Λ βα g(x)G−1µβ g−1(x), (9.45)
gαβ → g′αβ = Λ α1α Λ β1β · g(x)gα1β1g−1(x), (9.46)
Aµν → A′µν = g(x)Aµνg−1(x), (9.47)
J(C)→ J ′(C ′) = J · g(x)J(C)g−1(x). (9.48)
Using all above relations, we can prove that the action S is invariant local GSU(N)
gauge transformation.
The lagrangian density L can also be separated into two parts: the free lagrangian
density LF and interaction lagrangian density LI
L = LF + LI , (9.49)
where
LF = −ψ¯(γµ∂µ +m)ψ − 14ηµρηνσAa0µνAa0ρσ
− 1
16
ηµρηνσηαβF
α
0µνF
β
0ρσ − 18ηµρF α0µβF β0ρα + 14ηµρF α0µαF β0ρβ ,
(9.50)
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LI = −(J(C)− 1)ψ¯(γµ∂µ +m)ψ
−1
4
ηµρηνσ(J(C)− 1)Aa0µνAa0ρσ
+gJ(C)ψ¯γµ(∂αψ)C
α
µ + igsJ(C)ψ¯γ
µTaψA
a
µ
+gηµρηνσJ(C)(∂µA
a
ν − ∂νAaµ)Cαρ (∂αAaσ)
−gs
2
ηµρηνσJ(C)fabcA
b
ρA
c
σ(∂µA
a
ν − ∂νAaµ)
−g
2
ηµρηνσJ(C)G−1λα A
a
λA
a
µνF
α
ρσ
−g2s
4
ηµρηνσJ(C)fabcfab1c1A
b
µA
c
νA
b1
ρ A
c1
σ
+ggsη
µρηνσJ(C)fabcA
b
µA
c
νC
α
ρ (∂αA
a
σ)
−g2
2
ηµρηνσJ(C)(Cαµ∂αA
a
ν − Cαν ∂αAaµ)Cβρ (∂βAaσ)
−g2
4
ηµρηνσJ(C)G−1λα G
−1κ
β A
a
λA
a
κF
α
µνF
β
ρσ
+self interaction terms of Gravitational gauge field.
(9.51)
In above relations, Aa0µν is defined by
Aa0µν = (∂µA
a
ν)− (∂νAaµ). (9.52)
The explicite expression for J(C) is
J(C) = 1 +
∞∑
m=1
1
m!
( ∞∑
n=1
gn
n
tr(Cn)
)m
(9.53)
From eq.(9.50), we can write out propagators of Dirac field, SU(N) non-Abelian
gauge field and gravitational gauge field. From eq.(9.51), we can write out Feynman
rules for various interaction vertexes and calculate Feynman diagrams for various
interaction precesses. We can also see that, because of the influence of the factor
J(C), matter fields can directly couple to arbitrary number of gravitational gauge
field, which is important for the renormalization of the theory.
The equation of motion of Dirac field is
(γµDµ +m)ψ = 0. (9.54)
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The equation of motion of SU(N) gauge field is
∂µAaµν = −gsηνσJσa , (9.55)
where
Jνa = iψ¯γ
νTaψ + η
νρην1σfabcA
c
ν1A
b
ρσ − ggsηµ1ρηνσ∂µ(Cµµ1Aaρσ)
− g
2gs
ηµ1ρην1σG−1νσ1 F
σ1
µ1ν1
Aaρσ +
g
gs
ηµρηνσG−1λτ (DµC
τ
λ)A
a
ρσ.
(9.56)
Jνa is a conserved current,
∂νJ
ν
a = 0. (9.57)
When gravitational gauge field vanishes, the above current Jνa returns to the con-
ventional current in traditional non-Abelian SU(N) gauge field theory, which is
Jνa = iψ¯γ
νTaψ + η
νρηµσfabcA
c
µA
b
ρσ. (9.58)
But if gravitational gauge field does not vanish, because of the influence from grav-
itational gauge field, the conventional current eq.(9.58) is no longer a conserved
current.
The equation of motion of gravitational gauge field is
∂µ(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ) = −gT νgα,
(9.59)
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where T νgα is the gravitational energy-momentum tensor
T νgα = ψ¯γ
ν∂αψ − ηµρηνσAaρσ(∂αAaµ)
−G−1να ψ¯[γµ(Dµ − igsAµ) +m]ψ
−1
4
G−1να η
µρηλσAaµλA
a
ρσ
+ηµ1ρηνσ∂µ(G
−1λ
α G
µ
µ1
AaλA
a
ρσ)
+gηµρηνσG−1λ1τ (DµC
τ
λ1
)G−1λα A
a
λA
a
ρσ
−g
2
ηµ1ρην1σG−1νσ1 G
−1λ
α A
a
λA
a
ρσF
σ1
µ1ν1
−gηµ1ρηνσG−1λσ1 Aaλ(∂αCσ1µ1 )Aaρσ
+1
4
ηνρηλσgβγF
β
ρσ(∂αC
γ
λ)
+1
4
ηνρG−1λβ G
−1σ
γ F
β
ρσ(∂αC
γ
λ)
−1
2
ηνρG−1λγ G
−1σ
β F
β
ρσ(∂αC
γ
λ)
−1
4
ηλρG−1νβ G
−1σ
γ F
β
ρσ(∂αC
γ
λ)
+1
2
ηλρG−1νγ G
−1σ
β F
β
ρσ(∂αC
γ
λ)
+1
4
ηλρηνσgαβG
−1κ
γ F
β
ρσ(DλC
γ
κ)
−1
4
ηνρG−1σα G
−1κ
γ F
µ
ρσ(∂µC
γ
κ)
+1
2
ηνρG−1σβ G
−1κ
γ F
β
ρσ(∂αC
γ
κ)
+1
4
ηλρG−1νβ G
−1σ
α G
−1κ
γ F
β
ρσ(DλC
γ
κ)
−1
2
ηλρG−1να G
−1σ
β G
−1κ
γ F
β
ρσ(DλC
γ
κ)
−1
4
ηλρηνσ∂µ(gαβC
µ
λF
β
ρσ)
−1
4
ηνρ∂β(C
σ
λG
−1λ
α F
β
ρσ)
+1
2
ηνρ∂α(C
σ
λG
−1λ
β F
β
ρσ)
+ 1
4g
ηλρ∂µ[(G
−1ν
β G
−1σ
α G
µ
λ − δνβδσαδµλ)F βρσ]
− 1
2g
ηλρ∂µ[(G
−1ν
α G
−1σ
β G
µ
λ − δναδσβδµλ)F βρσ]
−1
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ
+1
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ
−1
8
ηµρηλσgαγG
−1ν
β F
β
ρσF
γ
µλ
− 1
16
ηµρηλσgβγG
−1ν
α F
β
ρσF
γ
µλ
−1
8
ηµρG−1να G
−1λ
β G
−1σ
γ F
β
ρσF
γ
µλ
+1
4
ηµρG−1να G
−1λ
γ G
−1σ
β F
β
ρσF
γ
µλ.
(9.60)
The global gravitational gauge symmetry of the system gives out another energy-
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momentum tensor which is called inertial energy-momentum tensor,
T µiα = J(C) ( ψ¯γ
νGµν(∂αψ) + η
µ1ρηνσGµµ1A
a
ρσ(∂αA
a
ν)
−δµαψ¯[γν(Dν − igsAν) +m]ψ
−1
4
δµαη
νρηλσAaνλA
a
ρσ
+gηµ1ρηνσG−1λβ G
µ
µ1
AaλA
a
ρσ(∂αC
β
ν )
+1
4
ηλρηνσgβγG
µ
λF
γ
ρσ(∂αC
β
ν )
−1
4
ηνρG−1σβ F
µ
ρσ(∂αC
β
ν )
+1
4
ηλρG−1νγ G
−1σ
β G
µ
λF
γ
ρσ(∂αC
β
ν )
−1
2
ηλρG−1νβ G
−1σ
γ G
µ
λF
γ
ρσ(∂αC
β
ν )
+1
2
ηνρδµβG
−1σ
γ F
γ
ρσ(∂αC
β
ν )
− 1
16
δµαη
λρηνσgβγF
γ
λνF
β
ρσ
−1
8
δµαη
λρG−1νβ G
−1σ
γ F
γ
λνF
β
ρσ
+1
4
δµαη
λρG−1νγ G
−1σ
β F
γ
λνF
β
ρσ
)
.
(9.61)
Compare eq.(9.60) with eq.(9.61), we can see that the inertial energy-momentum
tensor is not equivalent to the gravitational energy-momentum tensor. In this case,
they are not equivalent even when gravitational field vanishes. When gravitational
field vanishes, the gravitational energy-momentum tensor becomes T ν0gα,
T ν0gα = ψ¯γ
ν∂αψ − ηµρηνσAaρσ(∂αAaµ) + ην1αL0 + ηνσ∂µ(AaαAaµσ), (9.62)
while inertial energy-momentum tensor becomes T ν0iα
T ν0iα = ψ¯γ
ν∂αψ − ηµρηνσAaρσ(∂αAaµ) + δναL0. (9.63)
Therefore, we have
T ν0gα = T
ν
0iα + η
νσ∂µ(AaαA
a
µσ). (9.64)
But this difference has no contribution on energy-momentum. The spatial integra-
tion of time component of energy-momentum tensor gives out energy-momentum of
the system. The inertial energy-momentum P0iα is
P0iα =
∫
d3xT 00iα, (9.65)
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and the gravitational energy-momentum P0gα is
P0gα =
∫
d3xT 00gα. (9.66)
So, their difference is
P0gα − P0iα = −
∫
d3x∂i(A
a
αA
a
i0) = 0. (9.67)
It means that, when gravitational gauge field vanishes, equivalence principle holds.
10 Unification of Fundamental Interactions
It is know that QED, QCD and unified electroweak theory are all gauge theories.
In this chapter, we will discuss how to unify these gauge theories with gravitational
gauge theory, and how to unify four different kinds of fundamental interactions for-
mally.
First, let’s discuss QED theory[31]. As an example, let’s discuss electromagnetic
interactions of Dirac field. The traditional electromagnetic interactions between
Dirac field ψ and electromagnetic field Aµ is
−1
4
ηµρηνσAµνAρσ − ψ¯(γµ(∂µ − ieAµ) +m)ψ. (10.1)
The Lagrangian that describes gravitational gauge interactions between gravita-
tional gauge field and Dirac field or electromagnetic field and describes electromag-
netic interactions between Dirac field and electromagnetic field is
L0 = −ψ¯(γµ(Dµ − ieAµ) +m)ψ − 14ηµρηνσAµνAρσ
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ,
(10.2)
where Dµ is the gravitational gauge covariant derivative which is given by eq.(5.4)
and the strength of electromagnetic field Aµ is
Aµν = Aµν + gG
−1λ
α AλF
α
µν , (10.3)
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where Aµν is given by eq.(8.4) and G
−1 is given by eq.(5.16). The full Lagrangian
density and the action of the system are respectively given by,
L = J(C)L0, (10.4)
S =
∫
d4x L. (10.5)
The system given by above Lagrangian has both U(1) gauge symmetry and
gravitational gauge symmetry. Under U(1) gauge transformations,
ψ(x)→ ψ′(x) = e−iα(x)ψ(x), (10.6)
Aµ(x)→ A′µ(x) = Aµ(x)−
1
e
Dµα(x), (10.7)
Cαµ (x)→ C ′αµ (x) = Cαµ (x). (10.8)
It can be proved that the Lagrangian L is invariant under U(1) gauge transformation.
Under gravitational gauge transformations,
ψ(x)→ ψ′(x) = (Uˆǫψ(x)), (10.9)
Aµ(x)→ A′µ(x) = (UˆǫAµ(x)), (10.10)
Cµ(x)→ C ′µ(x) = Uˆǫ(x)Cµ(x)Uˆ−1ǫ (x) +
i
g
Uˆǫ(x)(∂µUˆ
−1
ǫ (x)). (10.11)
Using these relations, we can prove that the action S given by eq.(10.4) is invariant
under gravitational gauge transformation.
Lagrangian L can be separated into free Lagrangian LF and interaction La-
grangian LI ,
L = LF + LI , (10.12)
where
LF = −14ηµρηνσA0µνA0ρσ − ψ¯(γµ∂µ +m)ψ
− 1
16
ηµρηνσηαβF
α
0µνF
β
0ρσ − 18ηµρF α0µβF β0ρα + 14ηµρF α0µαF β0ρβ,
(10.13)
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LI = (J(C)− 1) ·
[−1
4
ηµρηνσA0µνA0ρσ − ψ¯(γµ∂µ +m)ψ
]
+ie · J(C)ψ¯γµψAµ
+gJ(C)ψ¯γµ∂αψC
α
µ + gJ(C)η
µρηνσA0µνC
α
ρ ∂αAσ
−g
2
J(C)ηµρηνσAµνG
−1λ
α AλF
α
ρσ
−g2
4
J(C)ηµρηνσG−1κα G
−1λ
β AκAλF
α
µνF
β
ρσ
−g2
2
J(C)ηµρηνσ
(
CαµC
β
ρ (∂αAν)(∂βAσ)− Cαν Cβρ (∂αAµ)(∂βAσ)
)
+ self interaction terms of Gravitational gauge field.
(10.14)
The traditional Lagrangian for QCD is
−
∑
n
ψ¯n[γ
µ(∂µ − igcAiµ
λi
2
) +mn]ψn − 1
4
ηµρηνσAiµνA
i
ρσ, (10.15)
where ψn is the quark color triplet of the nth flavor, A
i
µ is the color gauge vector
potential, Aiµν is the color gauge covariant field strength tensor, gc is the strong
coupling constant, λα is the Gell-Mann matrix and mn is the quark mass of the nth
flavor. In gravitational gauge theory, this Lagrangian should be changed into
L0 = −
∑
n ψ¯n[γ
µ(Dµ − igcAiµ λ
i
2
) +mn]ψn
−1
4
ηµρηνσAiµνA
i
ρσ
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ,
(10.16)
where
A
i
µν = A
i
µν + gG
−1λ
σ A
i
λF
σ
µν , (10.17)
Aiµν = DµA
i
ν −DνAiµ + gcfijkAjµAkν . (10.18)
It can be proved that this system has both SU(3)c gauge symmetry and gravita-
tional gauge symmetry. The unified electroweak model can be discussed in similar
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way.
Now, let’s try to construct a theory which can describe all kinds of fundamental
interactions in Nature[33]. First we know that the fundamental particles that we
know are fundamental fermions(such as leptons and quarks), gauge bosons(such as
photon, gluons, gravitons and intermediate gauge bosons W± and Z0), and possible
Higgs bosons. According to the Standard Model, leptons form left-hand doublets
and right-hand singlets. Let’s denote
ψ
(1)
L =
(
νe
e
)
L
, ψ
(2)
L =
(
νµ
µ
)
L
, ψ
(3)
L =
(
ντ
τ
)
L
, (10.19)
ψ
(1)
R = eR , ψ
(2)
R = µR , ψ
(3)
R = τR. (10.20)
Neutrinos have no right-hand singlets. The weak hypercharge for left-hand doublets
ψ
(i)
L is −1 and for right-hand singlet ψ(i)R is −2. All leptons carry no color charge.
In order to define the wave function for quarks, we have to introduce Kabayashi-
Maskawa mixing matrix first, whose general form is,
K =

 c1 s1c3 s1s3−s1c2 c1c2c3 − s2s3eiδ c1c2s3 + s2c3eiδ
s1s2 −c1s2c3 − c2s3eiδ −c1s2s3 + c2c3eiδ

 (10.21)
where
ci = cosθi , si = sinθi (i = 1, 2, 3) (10.22)
and θi are generalized Cabibbo angles. The mixing between three different quarks
d, s and b is given by 
 dθsθ
bθ

 = K

 ds
b

 . (10.23)
Quarks also form left-hand doublets and right-hand singlets,
q
(1)a
L =
(
uaL
daθL
)
, q
(2)a
L =
(
caL
saθL
)
, q
(3)a
L =
(
taL
baθL
)
, (10.24)
q
(1)a
u = uaR q
(2)a
u = caR q
(3)a
u = taR
q
(1)a
θd = d
a
θR q
(2)a
θd = s
a
θR q
(3)a
θd = b
a
θR,
(10.25)
where index a is color index. It is known that left-hand doublets have weak isospin 1
2
and weak hypercharge 1
3
, right-hand singlets have no weak isospin, q
(j)a
u s have weak
hypercharge 4
3
and q
(j)a
θd s have weak hypercharge −23 .
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For gauge bosons, gravitational gauge field is also denoted by Cαµ . The gluon
field is denoted Aµ,
Aµ = A
i
µ
λi
2
. (10.26)
The color gauge covariant field strength tensor is also given by eq.(10.18). The
U(1)Y gauge field is denoted by Bµ and SU(2) gauge field is denoted by Fµ
Fµ = F
n
µ
σn
2
, (10.27)
where σn is the Pauli matrix. The U(1)Y gauge field strength tensor is given by
Bµν = Bµν + gG
−1λ
α BλF
α
µν , (10.28)
where
Bµν = DµBν −DνBµ, (10.29)
and the SU(2) gauge field strength tensor is given by
F
n
µν = F
n
µν + gG
−1λ
α F
n
λF
α
µν , (10.30)
F nµν = DµF
n
ν −DνF nµ + gwǫlmnF lµFmν , (10.31)
where gw is the coupling constant for SU(2) gauge interactions and the coupling
constant for U(1)Y gauge interactions is g
′
w.
If there exist Higgs particles in Nature, the Higgs fields is represented by a
complex scalar SU(2) doublet,
φ =
(
φ†
φ0
)
. (10.32)
The hypercharge of Higgs field φ is 1.
The Lagrangian L0 that describes four kinds of fundamental interactions is given
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by
L0 = −
∑3
j=1 ψ
(j)
L γ
µ(Dµ +
i
2
g′wBµ − igwFµ)ψ(j)L
−∑3j=1 e(j)R γµ(Dµ + ig′wBµ)e(j)R
−∑3j=1 q(j)aL γµ ((Dµ − igwFµ − i6g′wBµ)δab − igcAkµ(λk2 )ab) q(j)bL
−∑3j=1 q(j)au γµ ((Dµ − i23g′wBµ)δab − igcAkµ(λk2 )ab) q(j)bu
−∑3j=1 q(j)aθd γµ ((Dµ + i13g′wBµ)δab − igcAkµ(λk2 )ab) q(j)bθd
−1
4
ηµρηνσFnµνF
n
ρσ − 14ηµρηνσBµνBρσ − 14ηµρηνσAiµνAiρσ
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ − 18ηµρG−1νβ G−1σα F αµνF βρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ
− [(Dµ − i2g′wBµ − igwFµ)φ]† · [(Dµ − i2g′wBµ − igwFµ)φ]
−µ2φ†φ+ λ(φ†φ)2
−∑3j=1 f (j) (e(j)R φ†ψ(j)L + ψ(j)L φe(j)R )
−∑3j=1 (f (j)u q(j)aL φq(j)au + f (j)∗u q(j)au φ†q(j)aL )
−∑3j,k=1 (f (jk)d q(j)aL φq(k)aθd + f (jk)∗d q(k)aθd φ†q(j)aL ) ,
(10.33)
where
φ = iσ2φ
∗ =
(
φ0†
−φ
)
. (10.34)
The full Lagrangian is given by
L = J(C)L0 (10.35)
and the action of the system is
S =
∫
d4xL. (10.36)
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This Lagrangian describes four kinds of fundamental interactions in Nature.
Now, let’s discuss the symmetry of the system. First, let’s study SU(3)c symme-
try. Denote the SU(3)c transformation matrix as U3. Under SU(3)c transformation,
transformations of various fields and operators are:
ψ
(j)
L → ψ′(j)L = ψ(j)L , (10.37)
e
(j)
R → e′(j)R = e(j)R , (10.38)
q
(j)a
L → q′(j)aL = U3ab q(j)bL , (10.39)
q(j)au → q′(j)au = U3ab q(j)bu , (10.40)
q
(j)a
θd → q′(j)aθd = U3ab q(j)bθd , (10.41)
Cαµ → C ′αµ = Cαµ (10.42)
Dµ → D′µ = Dµ, (10.43)
Aµ → A′µ = U3AµU−13 −
1
igc
U3(DµU
−1
3 ), (10.44)
Bµ → B′µ = Bµ, (10.45)
Wµ → W ′µ = Wµ, (10.46)
φ→ φ′ = φ, (10.47)
J(C)→ J ′(C ′) = J(C). (10.48)
According to above transformation rules, gauge field strength tensors transform as
Wµν →W′µν =Wµν , (10.49)
Bµν → B′µν = Bµν , (10.50)
F σµν → F ′σµν = F σµν , (10.51)
Aµν → A′µν = U3AµνU−13 −
ig
gc
F σµνU3(∂σU
−1
3 ), (10.52)
Aµν → A′µν = U3AµνU−13 . (10.53)
Using all these transformation rules, we can prove that the lagrangian density L is
invariant. Therefore, the system has strict local SU(3)c gauge symmetry.
Denote the transformations matrix of SU(2)L gauge transformation as U2.Under
SU(2)L transformation, transformations of various fields are:
ψ
(j)
L → ψ′(j)L = U2ψ(j)L , (10.54)
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e
(j)
R → e′(j)R = e(j)R , (10.55)
q
(j)a
L → q′(j)aL = U2 q(j)aL , (10.56)
q(j)au → q′(j)au = q(j)au , (10.57)
q
(j)a
θd → q′(j)aθd = q(j)aθd , (10.58)
Cαµ → C ′αµ = Cαµ (10.59)
Dµ → D′µ = Dµ, (10.60)
Aµ → A′µ = Aµ, (10.61)
Bµ → B′µ = Bµ, (10.62)
Wµ →W ′µ = U2WµU−12 −
1
igW
U2(DµU
−1
2 ), (10.63)
φ→ φ′ = U2φ, (10.64)
J(C)→ J ′(C ′) = J(C). (10.65)
According to above transformation rules, gauge field strength tensors transform as
Aµν → A′µν = Aµν , (10.66)
Bµν → B′µν = Bµν , (10.67)
F σµν → F ′σµν = F σµν , (10.68)
Wµν →W ′µν = U2WµνU−12 −
ig
gW
F σµνU2(∂σU
−1
2 ), (10.69)
Wµν →W′µν = U2WµνU−12 . (10.70)
Using all above realtions, we can prove that the action of the system is invariant
under the above SU(2)L gauge transformations. So, the model has SU(2)L gauge
symmetry.
Under U(1)Y gauge transformation, transformations of various fields are:
ψ
(j)
L → ψ′(j)L = eiα(x)/2 ψ(j)L , (10.71)
e
(j)
R → e′(j)R = eiα(x) e(j)R , (10.72)
q
(j)a
L → q′(j)aL = e−iα(x)/6 q(j)aL , (10.73)
q(j)au → q′(j)au = e−2iα(x)/3 q(j)au , (10.74)
q
(j)a
θd → q′(j)aθd = eiα(x)/3q(j)aθd , (10.75)
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Cαµ → C ′αµ = Cαµ (10.76)
Dµ → D′µ = Dµ, (10.77)
Aµ → A′µ = Aµ, (10.78)
Bµ → B′µ = Bµ −
1
g′W
(Dµα(x)), (10.79)
Wµ → W ′µ = Wµ, (10.80)
φ→ φ′ = e−iα(x)/2φ, (10.81)
φ¯→ φ¯′ = eiα(x)/2φ¯, (10.82)
J(C)→ J ′(C ′) = J(C). (10.83)
According to above transformation rules, gauge field strength tensors transform as
Aµν → A′µν = Aµν , (10.84)
Wµν →W′µν =Wµν , (10.85)
F σµν → F ′σµν = F σµν , (10.86)
Bµν → B′µν = Bµν +
g
g′W
F σµν(∂σα(x)), (10.87)
Bµν → B′µν = Bµν . (10.88)
Using all above relations, we can also prove that the action of the system is invari-
ant under the above U(1)Y gauge transformations. So, the model has U(1)Y gauge
symmetry
Gravitational gauge transformations of various fields are
ψ
(j)
L → ψ′(j)L = (Uˆǫψ(j)L ), (10.89)
e
(j)
R → e′(j)R = (Uˆǫe(j)R ), (10.90)
q
(j)a
L → q′(j)aL = (Uˆǫq(j)aL ), (10.91)
q(j)au → q′(j)au = (Uˆǫq(j)au ), (10.92)
q
(j)a
θd → q′(j)aθd = (Uˆǫq(j)aθd ), (10.93)
Cµ → C ′µ = UˆǫCµUˆ−1ǫ −
1
ig
Uˆǫ(∂µUˆ
−1
ǫ ), (10.94)
Dµ → D′µ = UˆǫDµUˆ−1ǫ , (10.95)
Aµ → A′µ = (UˆǫAµ), (10.96)
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Bµ → B′µ = (UˆǫBµ), (10.97)
Wµ →W ′µ = (UˆǫWµ), (10.98)
φ→ φ′ = (Uˆǫφ), (10.99)
φ¯→ φ¯′ = (Uˆǫφ¯), (10.100)
J(C)→ J ′(C ′) = J · (UˆǫJ(C)), (10.101)
gαβ → g′αβ = Λαα1Λββ1(Uˆǫgα1β1), (10.102)
gαβ → g′αβ = Λ α1α Λ β1β (Uˆǫgα1β1). (10.103)
According to above transformation rules, gauge field strength tensors transform as
Aµν → A′µν = (UˆǫAµν), (10.104)
Wµν →W′µν = (UˆǫWµν), (10.105)
Bµν → B′µν = (UˆǫBµν). (10.106)
F αµν → F ′αµν = Λαβ(UˆǫF βµν), (10.107)
According to these transformations, the lagrangian density L0 transforms covari-
antly,
L0 → L′0 = (UˆǫL′). (10.108)
So,
L → L′ = J · (UˆǫL). (10.109)
Using eq.(5.62), we can prove that action S is invariant under gravitational gauge
transformations,
S → S ′ = S. (10.110)
Therefore, the system has gravitational gauge symmetry.
Now, as a whole, we discuss
(SU(3)c × SU(2)L × U(1)Y )⊗s Gravitational Gauge Group
gauge symmetry. In order to do this, we need define generator operators. The
generator operators of SU(3)c group are denoted by Tˆ3j . The SU(3)c transformation
operator Uˆ3 is defined by
Uˆ3 = e
−iαj Tˆ3j . (10.111)
Matrix U3 is defined by
U3 = e
−iαjλj/2. (10.112)
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When Tˆ3j acts on fields, it will becomes the corresponding representation matrix of
generators. So,
Tˆ3iψ
(j)
L = 0, (10.113)
Tˆ3ie
(j)
R = 0, (10.114)
Tˆ3iq
(j)a
L =
(
λi
2
)
ab
q
(j)b
L , (10.115)
Tˆ3iq
(j)a
u =
(
λi
2
)
ab
q(j)bu , (10.116)
Tˆ3iq
(j)a
θd =
(
λi
2
)
ab
q
(j)b
θd , (10.117)
Tˆ3iφ = 0, (10.118)
[Tˆ3i , C
α
µ ] = 0, (10.119)
[Tˆ3i , Aµ] =
[
λi
2
, Aµ
]
, (10.120)
[Tˆ3i , Bµ] = 0, (10.121)
[Tˆ3i , Wµ] = 0, (10.122)
[Tˆ3i , F
σ
µν ] = 0, (10.123)
[Tˆ3i , Aµν ] =
[
λi
2
, Aµν
]
, (10.124)
[Tˆ3i , Bµν ] = 0, (10.125)
[Tˆ3i , Wµν ] = 0. (10.126)
The generator operators of SU(2)L group are denoted by Tˆ2l. The SU(2)L transfor-
mation operator Uˆ2 is defined by
Uˆ2 = e
−iαlTˆ2l . (10.127)
Matrix U2 is defined by
U2 = e
−iαlσl/2. (10.128)
When Tˆ2l acts on fields, it will becomes the corresponding representation matrix of
generators. So,
Tˆ2lψ
(j)
L =
σl
2
ψ
(j)
L (10.129)
Tˆ2le
(j)
R = 0, (10.130)
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Tˆ2lq
(j)a
L =
σl
2
q
(j)a
L , (10.131)
Tˆ2lq
(j)a
u = 0, (10.132)
Tˆ2lq
(j)a
θd = 0, (10.133)
Tˆ2lφ =
σl
2
φ (10.134)
[Tˆ2l , C
α
µ ] = 0, (10.135)
[Tˆ2l , Aµ] = 0, (10.136)
[Tˆ2l , Bµ] = 0, (10.137)
[Tˆ2l , Wµ] =
[σl
2
, Wµ
]
, (10.138)
[Tˆ2l , F
σ
µν ] = 0, (10.139)
[Tˆ2l , Aµν ] = 0, (10.140)
[Tˆ2l , Bµν ] = 0, (10.141)
[Tˆ2l , Wµν ] =
[σl
2
, Wµν
]
. (10.142)
The generator operators of U(1)Y group are denoted by Tˆ1. 2Tˆ1 is the hypercharge
operator. The U(1)Y transformation operator Uˆ1 is defined by
Uˆ1 = e
−iαTˆ1 . (10.143)
Matrix U1 is defined by
U1 = e
−iαY , (10.144)
where Y is the hypercharge of the corresponding field. When 2Tˆ1 acts on fields, it
will becomes the hypercharge of the corresponding fields. So,
Tˆ1ψ
(j)
L = −
1
2
ψ
(j)
L (10.145)
Tˆ1e
(j)
R = −e(j)R (10.146)
Tˆ1q
(j)a
L =
1
6
q
(j)a
L , (10.147)
Tˆ1q
(j)a
u =
2
3
q(j)au , (10.148)
Tˆ1q
(j)a
θd = −
1
3
q
(j)a
θd (10.149)
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Tˆ1φ =
1
2
φ (10.150)
[Tˆ1 , C
α
µ ] = 0, (10.151)
[Tˆ1 , Aµ] = 0, (10.152)
[Tˆ1 , Bµ] = Bµ, (10.153)
[Tˆ1 , Wµ] = 0, (10.154)
[Tˆ1 , F
σ
µν ] = 0, (10.155)
[Tˆ1 , Aµν ] = 0, (10.156)
[Tˆ1 , Bµν ] = Bµν , (10.157)
[Tˆ1 , Wµν ] = 0. (10.158)
Different generator operators act on different spaces, so they commute each other,
[Tˆ1 , Tˆ2l] = 0, (10.159)
[Tˆ1 , Tˆ3i] = 0, (10.160)
[Tˆ1 , Pˆα] = 0, (10.161)
[Tˆ2l , Tˆ3i] = 0, (10.162)
[Tˆ2l , Pˆα] = 0, (10.163)
[Tˆ3i , Pˆα] = 0. (10.164)
As we have mention before, what generators commute each other does not means
that group elements commute each other.
A general element of semi-direct product group
(SU(3)c × SU(2)L × U(1)Y )⊗s Gravitational Gauge Group
is denoted by g(x). It can be proved that the g(x) can be written into the following
form
g(x) = UˆǫUˆ1Uˆ2Uˆ3. (10.165)
Define quark color triplet states,
q
(j)
L =

 q
(j)1
L
q
(j)2
L
q
(j)3
L

 , (10.166)
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q(j)u =

 q
(j)1
u
q
(j)2
u
q
(j)3
u

 , (10.167)
q
(j)
θd =

 q
(j)1
θd
q
(j)2
θd
q
(j)3
θd

 . (10.168)
Then, we have the following relations
Tˆ3jq
(j)
L =
λj
2
q
(j)
L , (10.169)
Tˆ3jq
(j)
u =
λj
2
q(j)u , (10.170)
Tˆ3jq
(j)
θd =
λj
2
q
(j)
θd . (10.171)
Under gauge transformations of semi-direct product group, various fields and oper-
ators transform as
ψ
(j)
L → ψ′(j)L = (g(x)ψ(j)L ), (10.172)
e
(j)
R → e′(j)R = (g(x)e(j)R ), (10.173)
q
(j)a
L → q′(j)L = (g(x)q(j)L ), (10.174)
q(j)au → q′(j)u = (g(x)q(j)u ), (10.175)
q
(j)a
θd → q′(j)θd = (g(x)q(j)θd ), (10.176)
Cµ → C ′µ = UˆǫCµUˆ−1ǫ −
1
ig
Uˆǫ(∂µUˆ
−1
ǫ ), (10.177)
Dµ → D′µ = UˆǫDµUˆ−1ǫ , (10.178)
Fµν → F ′µν = UˆǫFµνUˆ−1ǫ , (10.179)
Aµ → A′µ = g(x)
[
Aµ − 1
igc
(DµU
−1
3 )U3
]
g−1(x), (10.180)
Wµ → W ′µ = g(x)
[
Wµ − 1
igW
(DµU
−1
2 )U2
]
g−1(x), (10.181)
Bµ → B′µ = g(x)
[
Bµ − 1
ig′W
(DµU
−1
1 )U1
]
g−1(x), (10.182)
φ→ φ′ = (g(x)φ), (10.183)
J(C)→ J ′(C ′) = J · g(x)J(C)g−1(x), (10.184)
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gαβ → g′αβ = Λαα1Λββ1g(x)gα1β1g−1(x), (10.185)
gαβ → g′αβ = Λ α1α Λ β1β g(x)ηα1β1g−1(x), (10.186)
Aµν → A′µν = g(x)Aµνg−1(x), (10.187)
Wµν →W′µν = g(x)Wµνg−1(x), (10.188)
Bµν → B′µν = g(x)Bµνg−1(x). (10.189)
Using all these relations, we can prove that the action of the system has strict local
(SU(3)c × SU(2)L × U(1)Y )⊗s Gravitational Gauge Group
gauge symmetry.
It is known that, SU(3)c color symmetry and gravitational gauge symmetry
are strict symmetry. SU(2)L × U(1)Y symmetry are not strict symmetry, which is
broken to U(1)Q symmetry. Now, let’s discuss spontaneously symmetry breaking of
the system. The potential of Higgs field is
−µ2φ†φ+ λ(φ†φ)2. (10.190)
If,
µ2 > 0, λ > 0, (10.191)
the symmetry of vacuum will be spontaneously broken. Suppose that the vacuum
expectation value of neutral Higgs field is non-zero, that is
〈φ〉0 =
(
0
v√
2
)
, (10.192)
where,
v =
√
µ2
λ
. (10.193)
After a local SU(2)L gauge transformation, we can select the Higgs field φ(x) as,
φ(x) =
1√
2
(
0
v + ϕ(x)
)
. (10.194)
After symmetry breaking, the Higgs potential becomes,
V (ϕ) = µ2ϕ2 + λvϕ3 +
λ
4
ϕ4 − µ
4
4λ
, (10.195)
from which we know that the mass of Higgs field is 2µ2.
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Define
W±µ
△
=
1√
2
(
W 1µ ∓ iW 2µ ,
)
(10.196)
Aeµ
△
= cos θWBµ + sin θWW
3
µ , (10.197)
Zµ
△
= sin θWBµ − cos θWW 3µ , (10.198)
where
tgθW =
g′W
gW
. (10.199)
Aeµ in eq.(10.197) is the electromagnetic field. Define two mass parameters as
mW =
v
2
gW , (10.200)
mZ =
v
2
√
g2W + g
′2
W . (10.201)
It is known that, in the standard model, mW is the mass of W
± bosons and mZ
is the mass of Z bosons. The coupling constant of electromagnetic interactions is
denoted by e,
e
△
= g′W cos θW =
gW g
′
W√
g2W + g
′2
W
. (10.202)
The current of strong interactions are denoted by Jµci,
Jµci = i
(
u¯γµ
λi
2
u+ c¯γµ
λi
2
c+ t¯γµ
λi
2
t+ d¯γµ
λi
2
d+ s¯γµ
λi
2
s+ b¯γµ
λi
2
b
)
. (10.203)
The current of electromagnetic interactions is
Jµem = i
(−e¯γµe− µ¯γµµ− τ¯ γµτ + 2
3
u¯γµu+ 2
3
c¯γµc
+2
3
t¯γµt− 1
3
d¯γµd− 1
3
s¯γµs− 1
3
b¯γµb
)
.
(10.204)
The currents for weak interactions are
Jµ+W =
i
2
√
2
(ν¯eγ
µ(1 + γ5)e + ν¯µγ
µ(1 + γ5)µ+ ν¯τγ
µ(1 + γ5)τ
+u¯γµ(1 + γ5)dθ + c¯γ
µ(1 + γ5)sθ + t¯γ
µ(1 + γ5)bθ) ,
(10.205)
Jµ−W =
i
2
√
2
(e¯γµ(1 + γ5)νe + µ¯γ
µ(1 + γ5)νµ + τ¯γ
µ(1 + γ5)ντ
+d¯θγ
µ(1 + γ5)u+ s¯θγ
µ(1 + γ5)c+ b¯θγ
µ(1 + γ5)t
)
,
(10.206)
Jµz = J
µ
3 − sin2 θWJµem, (10.207)
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where
Jµ3 =
i
2
(+ν¯eLγ
µνeL + ν¯µLγ
µνµL + ν¯τLγ
µντL − e¯LγµeL − µ¯LγµµL − τ¯LγµτL
+u¯Lγ
µuL + c¯Lγ
µcL + t¯Lγ
µtL − d¯LγµdL − s¯LγµsL − b¯LγµbL
)
.
(10.208)
The current for gravitational interactions is
Jµgα = ν¯eLγ
µ∂ανeL + ν¯µLγ
µ∂ανµL + ν¯τLγ
µ∂αντL + e¯Lγ
µ∂αeL
+µ¯Lγ
µ∂αµL + τ¯Lγ
µ∂ατL + u¯Lγ
µ∂αuL + c¯Lγ
µ∂αcL
+t¯Lγ
µ∂αtL + d¯Lγ
µ∂αdL + s¯Lγ
µ∂αsL + b¯Lγ
µ∂αbL
+e¯Rγ
µ∂αeR + µ¯Rγ
µ∂αµR + τ¯Rγ
µ∂ατR + u¯Rγ
µ∂αuR
+c¯Rγ
µ∂αcR + t¯Rγ
µ∂αtR + d¯θRγ
µ∂αdθR + s¯θRγ
µ∂αsθR
+b¯θRγ
µ∂αbθR.
(10.209)
Denote
Jϕ =
1
v
(mee¯e+mµµ¯µ+mτ τ¯ τ+muu¯u+mcc¯c+mtt¯t+mdd¯d+mss¯s+mbb¯b), (10.210)
where
mi =
1√
2
fiv, (i = e, µ, τ, u, c, t, d, s, b). (10.211)
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Then lagrangian density L0 can be written into the following form,
L0 = −ν¯eLγµ∂µνeL − ν¯µLγµ∂µνµL − ν¯τLγµ∂µντL − e¯(γµ∂µ +me)e
−µ¯(γµ∂µ +mµ)µ− τ¯ (γµ∂µ +mτ )τ − u¯(γµ∂µ +mu)u− c¯(γµ∂µ +mc)c
−t¯(γµ∂µ +mt)t− d¯(γµ∂µ +md)d− s¯(γµ∂µ +ms)s− b¯(γµ∂µ +mb)b
+gcJ
µ
ciA
i
µ + gWJ
µ−
W W
+
µ + gWJ
µ+
W W
−
µ − gWcos θW Jµz Zµ + eJµemAeµ + gJµgαCαµ
−1
2
ηµν(Dµϕ)(Dνϕ)− 14g2W ηµνW+µ W−ν (2vϕ+ ϕ2)
−1
8
(g2W + g
′2
W )η
µνZµZν(2vϕ+ ϕ
2)− v(ϕ)− Jϕφ
−1
4
ηµρηνσWnµνW
n
ρσ −m2W ηµνW+µ W−ν − 12m2ZηµνZµZν
−1
4
ηµρηνσBµνBρσ − 14ηµρηνσAiµνAiρσ − 116ηµρηνσgαβF αµνF βρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ +
1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ.
(10.212)
According to above discussions, before spontaneously symmetry breaking, the
system has
(SU(3)c × SU(2)L × U(1)Y )⊗s Gravitational Gauge Group
gauge symmetry. After spontaneously symmetry breaking, the system has
(SU(3)c × U(1)Q)⊗s Gravitational Gauge Group
gauge symmetry. Four different kinds of fundamental interactions are unified in the
same lagrangian. So, the lagrangian density L which is given by eq.(10.33) and
eq.(10.35) can be used to calculate any fundamental interaction process in Nature.
11 Classical Limit of Quantum Gauge general Rel-
ativity
In this chapter, we mainly discuss leading order approximation of quantum gauge
general relativity, which will give out classical Newton’s theory of gravity.
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When we discuss classical limit of quantum gauge general relativity, we will qual-
itatively discuss anther important problem at the same time. It is know that, in
usual gauge theory, such as QED, the coulomb force between two objects which
carry like electric charges is always mutual repulsive. Gravitational gauge theory is
also a kind of gauge theory, is the force between two static massive objects attractive
or repulsive?
Suppose that the gravitational field is very weak, so that gCαµ is a first or-
der infinitesimal quantity. In leading order approximation, both inertial energy-
momentum tensor and gravitational energy-momentum tensor give the same results,
which we denoted as T µα . The space integration of the time component of the current
T µα gives out the energy-momentum of the system. First, we discuss classical limit
of the field equation of gravitational gauge field. Then, we discuss classical limit
of the Einstein’s field equation. We will find that two field equations give out the
same classical limit, which is what we expected, for these two field equations are
essentially the same.
The field equation (5.74) of gravitational gauge field in the leading order is:
−1
4
ηνσηαβ∂
µ∂µC
β
σ +
1
4
ηαβ∂
ν∂µCβµ +
1
4
ηνρ∂µ∂ρC
µ
α
−1
4
∂µ∂µC
ν
α +
1
4
∂µ∂αC
ν
µ +
1
2
δνα∂
µ∂µC
β
β
−1
2
δνα∂
µ∂βC
β
µ − 12∂ν∂αCββ + 14ηνρ∂α∂µCµρ = gT να ,
(11.1)
where ∂µ = ηµν∂ν . In order to simplify the above field equation, harmonic gauge will
be used. In general relativity, the harmonic coordinate conditions are represented
by
Γγ
△
= gαβΓγαβ = 0, (11.2)
where Γγαβ is given by (5.35). In leading order approximation, it gives out the
following restriction
∂µC
µ
ν − ∂νCµµ = −ηλν∂µCλµ . (11.3)
After the harmonic coordinate conditions are considered, eq. (11.1) is changed into
−1
4
ηνσηαβ∂
µ∂µC
β
σ −
1
4
∂µ∂µC
ν
α +
1
4
δνα∂
µ∂µC
β
β = gT
ν
α . (11.4)
Multiply both side of the above equation with δαν , we can get
∂µ∂µC
β
β = 2gT
β
β . (11.5)
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Then, eq. (11.4) is changed into
−1
4
ηνσηαβ∂
µ∂µC
β
σ −
1
4
∂µ∂µC
ν
α = g
(
T να −
1
2
δναT
β
β
)
. (11.6)
As a classical limit approximation, let’s consider static gravitational interactions
between two static objects. In this case, the leading order component of energy-
momentum tensor is T 00 , other components of energy-momentum tensor is a first
order infinitesimal quantity. So, we only need to consider the field equation (11.4)
of ν = α = 0, which now becomes
∂µ∂
µC00 = −gT 00 . (11.7)
For static problems, all time derivatives vanish. Therefor, the above equation is
changed into
∇2C00 = −gT 00 . (11.8)
This is just the Newton’s equation of gravitational field. Suppose that there is only
one point object at the origin of the coordinate system. Because T 00 is the negative
value of energy density, we can let
T 00 = −Mδ(
→
x). (11.9)
Applying
∇21
r
= −4πδ(→x), (11.10)
with r = | →x |, we get
C00 = −
gM
4πr
. (11.11)
This is just the gravitational potential which is expected in Newton’s theory of grav-
ity.
Suppose that there is another point object at the position of point
→
x with mass
m. The gravitational potential energy between these two objects is that
V (r) =
∫
d3
→
y HI = −g
∫
d3
→
y T 02 0(
→
x)C00 , (11.12)
with C00 is the gravitational potential generated by the first point object, and T
0
2 0
is the (0, 0) component of the energy-momentum tensor of the second object,
T 02 0(
→
y ) = −mδ(→y − →x). (11.13)
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The final result for gravitational potential energy between two point objects is
V (r) = −g
2Mm
4πr
. (11.14)
The gravitational potential energy between two point objects is always negative,
which is what expected by Newton’s theory of gravity and is the inevitable result of
the attractive nature of gravitational interactions.
The gravitational force that the first point object acts on the second point object
is
→
f= −∇V (r) = −g
2Mm
4πr2
rˆ, (11.15)
where rˆ =
→
r /r. This is the famous formula of Newton’s gravitational force. There-
fore, in the classical limit, the gravitational gauge theory can return to Newton’s
theory of gravity. Besides, from eq.(11.15), we can clearly see that the gravitational
interaction force between two point objects is attractive.
Now, we want to ask a problem: why in QED, the force between two like electric
charges is always repulsive, while in gravitational gauge theory, the force between
two like gravitational charges can be attractive? A simple answer to this fundamen-
tal problem is that the attractive nature of the gravitational force is an inevitable
result of the global Lorentz symmetry of the system. Because of the requirement
of global Lorentz symmetry, the Lagrangian function given by eq.(5.50) must use
gαβ and η
µρ, can not use the ordinary δ-function δαβ or δ
µρ. It can be easily prove
that, if we use δαβ or δ
µρ instead of gαβ or η
µρ in eq.(5.50), the Lagrangian of pure
gravitational gauge field is not invariant under global Lorentz transformation. On
the other hand, if we use δαβ or δ
µρ instead of gαβ or η
µρ in eq.(5.50), the gravita-
tional force will be repulsive which obviously contradicts with experiment results.
In QED, δab is used to construct the Lagrangian for electromagnetic fields, therefore,
the interaction force between two like electric charges is always repulsive.
Another form of the field equation of gravitational gauge field is the Einstein’s
field equation (5.97)
Rαβ − 1
2
gαβR = −8πGTαβ. (11.16)
Now, we discuss its classical limit. Multiply both side of the above equation with
gαβ, we get
R = 8πGT γγ . (11.17)
Therefore, eq.(11.16) can be changed into
Rαβ = −8πGSαβ, (11.18)
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where
Sαβ = Tαβ − 1
2
gαβT
γ
γ . (11.19)
Rαβ is given by eq. (5.40). In first order approximation, it is
Rαβ = g∂α∂βC
µ
µ − g2∂α∂λCλβ − g2∂β∂λCλα
+ g
2
ηλνηβγ∂ν∂λC
γ
α +
g
2
ηλνηαγ∂ν∂λC
γ
β
−g
2
ηµνηβγ∂ν∂αC
γ
µ − g2ηµνηαγ∂ν∂βCγµ + o((gC)2).
(11.20)
Applying harmonic coordinate conditions (11.3), we can simplify the above equation
into
Rαβ =
g
2
ηλνηβγ∂ν∂λC
γ
α +
g
2
ηλνηαγ∂ν∂λC
γ
β . (11.21)
For classical limit, we only need to consider the field equation (11.18) with α = β =
0, which is
−g∂ν∂νC00 = −8πGS00 (11.22)
Using the following relation
g2 = 4πG, (11.23)
S00 =
1
2
T00 = −1
2
T 00 , (11.24)
we can change eq. (11.25) into
∂ν∂νC
0
0 = −gT 00 , (11.25)
which is the same as eq.(11.7). Therefore, the Einstein’s field equation (5.97) gives
out the same classical limit as that of field equation (5.74), which is what we ex-
pected.
12 Path Integral Quantization of Gravitational
Gauge Fields
For the sake of simplicity, in this chapter and the next chapter, we only discuss pure
gravitational gauge field. For pure gravitational gauge field, its Lagrangian function
is
L = − 1
16
ηµρηνσgαβJ(C)F
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α J(C)F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β J(C)F
α
µνF
β
ρσ.
(12.1)
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Its space-time integration gives out the action of the system
S =
∫
d4xL. (12.2)
This action has local gravitational gauge symmetry. Gravitational gauge field Cαµ
has 4 × 4 = 16 degrees of freedom. But, if gravitons are massless, the system has
only 2×4 = 8 degrees of freedom. There are gauge degrees of freedom in the theory.
Because only physical degrees of freedom can be quantized, in order to quantize the
system, we have to introduce gauge conditions to eliminate un-physical degrees of
freedom. For the sake of convenience, we take temporal gauge conditions
Cα0 = 0, (α = 0, 1, 2, 3). (12.3)
In temporal gauge, the generating functional W [J ] is given by
W [J ] = N
∫
[DC]
(∏
α,x
δ(Cα0 (x))
)
exp
{
i
∫
d4x(L+ JµαCαµ ),
}
(12.4)
where N is the normalization constant, Jµα is a fixed external source and [DC] is the
integration measure,
[DC] =
3∏
µ=0
3∏
α=0
∏
j
(
εdCαµ (τj)/
√
2πi~
)
. (12.5)
We use this generation functional as our starting point of the path integral quanti-
zation of gravitational gauge field.
Generally speaking, the action of the system has local gravitational gauge sym-
metry, but the gauge condition has no local gravitational gauge symmetry. If we
make a local gravitational gauge transformations, the action of the system is kept
unchanged while gauge condition will be changed. Therefore, through local gravita-
tional gauge transformation, we can change one gauge condition into another gauge
condition. The most general gauge condition is
fα(C(x))− ϕα(x) = 0, (12.6)
where ϕα(x) is an arbitrary space-time function. The Fadeev-Popov determinant
∆f (C) [47] is defined by
∆−1f (C) ≡
∫
[Dg]
∏
x,α
δ (fα(gC(x))− ϕα(x)) , (12.7)
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where g is an element of gravitational gauge group, gC is the gravitational gauge field
after gauge transformation g and [Dg] is the integration measure on gravitational
gauge group
[Dg] =
∏
x
d4ǫ(x), (12.8)
where ǫ(x) is the transformation parameter of Uˆǫ. Both [Dg] and [DC] are not
invariant under gravitational gauge transformation. Suppose that,
[D(gg′)] = J1(g′)[Dg], (12.9)
[D gC] = J2(g)[DC]. (12.10)
J1(g) and J2(g) satisfy the following relations
J1(g) · J1(g−1) = 1, (12.11)
J2(g) · J2(g−1) = 1. (12.12)
It can be proved that, under gravitational gauge transformations, the Fadeev-Popov
determinant transforms as
∆−1f (
g′C) = J−11 (g
′)∆−1f (C). (12.13)
Insert eq.(12.7) into eq.(12.4), we get
W [J ] = N
∫
[Dg] ∫ [DC] [∏α,y δ(Cα0 (y))] ·∆f (C)
·
[∏
β,z δ(f
β(gC(z))− ϕβ(z))
]
· exp{i ∫ d4x(L+ JµαCαµ )} .
(12.14)
Make a gravitational gauge transformation,
C(x) → g−1C(x), (12.15)
then,
gC(x) → gg−1C(x). (12.16)
After this transformation, the generating functional is changed into
W [J ] = N
∫
[Dg] ∫ [DC] J1(g)J2(g−1) · [∏α,y δ(g−1Cα0 (y))] ·∆f (C)
·
[∏
β,z δ(f
β(C(z))− ϕβ(z))
]
· exp
{
i
∫
d4x(L+ Jµα ·g−1Cαµ )
}
.
(12.17)
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Suppose that the gauge transformation g0(C) transforms general gauge condi-
tion fβ(C) − ϕβ = 0 to temporal gauge condition Cα0 = 0, and suppose that this
transformation g0(C) is unique. Then two δ-functions in eq.(12.17) require that the
integration on gravitational gauge group must be in the neighborhood of g−10 (C).
Therefore eq.(12.17) is changed into
W [J ] = N
∫
[DC] ∆f(C) ·
[∏
β,z δ(f
β(C(z))− ϕβ(z))
]
·exp{i ∫ d4x(L+ Jµα ·g0Cαµ )}
·J1(g−10 )J2(g0) ·
∫
[Dg]
[∏
α,y δ(
g−1Cα0 (y))
]
.
(12.18)
The last line in eq.(12.18) will cause no trouble in renormalization, and if we consider
the contribution from ghost fields which will be introduced below, it will becomes
a quantity which is independent of gravitational gauge field. So, we put it into
normalization constant N and still denote the new normalization constant as N .
We also change Jµα
g0Cαµ into J
µ
αC
α
µ , this will cause no trouble in renormalization.
Then we get
W [J ] = N
∫
[DC] ∆f(C) · [
∏
β,z δ(f
β(C(z))− ϕβ(z))]
·exp{i ∫ d4x(L+ JµαCαµ )}. (12.19)
In fact, we can use this formula as our start-point of path integral quantization of
gravitational gauge field, so we need not worried about the influences of the third
line in eq.(12.18).
Use another functional
exp
{
− i
2α
∫
d4xηαβϕ
α(x)ϕβ(x)
}
, (12.20)
times both sides of eq.(12.19) and then make functional integration
∫
[Dϕ], we get
W [J ] = N
∫
[DC] ∆f(C) · exp
{
i
∫
d4x(L − 1
2α
ηαβf
αfβ + JµαC
α
µ )
}
. (12.21)
Now, let’s discuss the contribution from ∆f (C) which is related to the ghost fields.
Suppose that g = Uˆǫ is an infinitesimal gravitational gauge transformation. Then
eq.(5.12) gives out
gCαµ (x) = C
α
µ (x)−
1
g
Dαµ σǫ
σ, (12.22)
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where
Dαµ σ = δ
α
σ∂µ − gδασCβµ∂β + g∂σCαµ . (12.23)
In order to deduce eq.(12.22), the following relation is used
Λαβ = δ
α
β + ∂βǫ
α + o(ǫ2). (12.24)
Dµ can be regarded as the covariant derivative in adjoint representation, for
Dµǫ = [Dµ , ǫ], (12.25)
(Dµǫ)
α = Dαµ σǫ
σ. (12.26)
Using all these relations, we have,
fα(gC(x)) = fα(C)− 1
g
∫
d4y
δfα(C(x))
δCβµ (y)
Dβµ σ(y)ǫ
σ(y) + o(ǫ2). (12.27)
Therefore, according to eq.(12.7) and eq.(12.6), we get
∆−1f (C) =
∫
[Dǫ]
∏
x,α
δ
(
−1
g
∫
d4y
δfα(C(x))
δCβµ (y)
Dβµ σ(y)ǫ
σ(y)
)
. (12.28)
Define
Mασ(x, y) = −g δδǫσ(y)fα(gC(x))
=
∫
d4z δf
α(C(x))
δCβµ (z)
Dβµ σ(z)δ(z − y).
(12.29)
Then eq.(12.28) is changed into
∆−1f (C) =
∫
[Dǫ]∏x,α δ (−1g ∫ d4yMασ(x, y)ǫσ(y))
= const.× (detM)−1.
(12.30)
Therefore,
∆f (C) = const.× detM. (12.31)
Put the above constant into normalization constant, then generating functional
eq.(12.21) is changed into
W [J ] = N
∫
[DC] detM · exp
{
i
∫
d4x(L − 1
2α
ηαβf
αfβ + JµαC
α
µ )
}
. (12.32)
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In order to evaluate the contribution from detM, we introduce ghost fields ηα(x)
and η¯α(x). Using the following relation∫
[Dη][Dη¯]exp
{
i
∫
d4xd4y η¯α(x)M
α
β(x, y)η
β(y)
}
= const.× detM (12.33)
and put the constant into the normalization constant, we can get
W [J ] = N
∫
[DC][Dη][Dη¯]exp
{
i
∫
d4x(L − 1
2α
ηαβf
αfβ + η¯Mη + JµαC
α
µ )
}
,
(12.34)
where
∫
d4xη¯Mη is a simplified notation, whose explicit expression is∫
d4xη¯Mη =
∫
d4xd4y η¯α(x)M
α
β(x, y)η
β(y). (12.35)
The appearance of the non-trivial ghost fields is a inevitable result of the non-Able
nature of the gravitational gauge group.
Set external source Jµα to zero, we get,
W [0] = N
∫
[DC][Dη][Dη¯]exp
{
i
∫
d4x(L − 1
2α
ηαβf
αfβ + η¯Mη)
}
, (12.36)
Now, let’s take Lorentz covariant gauge condition,
fα(C) = ∂µCαµ . (12.37)
Then ∫
d4xη¯Mη = −
∫
d4x (∂µη¯α(x))D
α
µ β(x)η
β(x). (12.38)
And eq.(12.36) is changed into
W [0] = N
∫
[DC][Dη][Dη¯]exp
{
i
∫
d4x(L − 1
2α
ηαβf
αfβ − (∂µη¯α)Dαµ σησ)
}
.
(12.39)
For quantum gauge general relativity, the external source of gravitational gauge
field should be introduced in a special way. Define the generating functional with
external sources as
W [J, β, β¯] = N
∫
[DC][Dη][Dη¯]exp{i ∫ d4x(L − 1
2α
ηαβf
αfβ
−(∂µη¯α)Dαµ σησ + Cαµ
∼
δ
µβ
αν (x)J
ν
0β + η¯αβ
α + β¯αη
α)
}
= N
∫
[DC][Dη][Dη¯]exp{i ∫ d4x(L − 1
2α
ηαβf
αfβ
−(∂µη¯α)Dαµ σησ + CαµJµα + η¯αβα + β¯αηα)
}
,
(12.40)
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where
∼
δ
µγ
αρ (x) is defined by
∼
δ
µγ
αρ (x)
△
=
1
2
(∼
δ
µ
ρ (x)
∼
δ
γ
α (x)+
∼
η
µγ
(x)
∼
ηαρ (x)
)
, (12.41)
and
Jµα
△
=
∼
δ
µβ
αν (x)J
ν
0β . (12.42)
In the above definition,
∼
δ
µ
ρ (x),
∼
η
µγ
(x) and
∼
ηµγ (x) are defined by
∼
δ
µ
ρ (x) = δ
µ
ρ −
∂µ∂ρ
+ iǫ
, (12.43)
∼
η
µγ
(x) = ηµγ − ∂
µ∂γ
+ iǫ
, (12.44)
∼
ηµγ (x) = ηµγ − ∂µ∂γ
+ iǫ
, (12.45)
where

△
= ∂2 = ∂µ∂µ = η
µν∂µ∂ν . (12.46)
Using these relations, we can prove that
Jµα =
∼
δ
µβ
αν J
ν
β . (12.47)
The effective Lagrangian Leff is defined by
Leff ≡ L− 1
2α
ηαβf
αfβ − (∂µη¯α)Dαµ σησ. (12.48)
Leff can separate into free Lagrangian LF and interaction Lagrangian LI ,
Leff = LF + LI , (12.49)
where
LF = − 116ηµρηνσηαβF α0µνF β0ρσ − 18ηµρF α0µβF β0ρα + 14ηµρF α0µαF β0ρβ
− 1
2α
ηαβ(∂
µCαµ )(∂
νCβν )− (∂µη¯α)(∂µηα),
(12.50)
LI = +g(∂µη¯α)Cβµ (∂βηα)− g(∂µη¯α)(∂σCαµ )ησ
+ self interaction terms of Gravitational gauge field.
(12.51)
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From the interaction Lagrangian, we can see that ghost fields do not couple to J(C).
This is the reflection of the fact that ghost fields are not physical fields, they are
virtual fields. Besides, the gauge fixing term does not couple to J(C) either. Using
effective Lagrangian Leff , the generating functional W [J, β, β¯] can be simplified to
W [J, β, β¯] = N
∫
[DC][Dη][Dη¯]exp
{
i
∫
d4x(Leff + JµαCαµ + η¯αβα + β¯αηα)
}
,
(12.52)
Using eq.(12.50), we can deduce propagator of gravitational gauge fields and
ghost fields. First, after a partial integration, we change the form of eq. (12.50) into∫
d4xLF =
∫
d4x
{
1
2
CαµM
µν
αβ(x)C
β
ν + η¯α∂
2ηα
}
, (12.53)
where the operator Mµναβ(x) is defined by
M
µν
αβ(x) =
1
4
ηµνηαβ∂
ρ∂ρ − 14ηαβ(1− 4α)∂µ∂ν − 14δµβ∂ν∂α
+1
4
δµβδ
ν
α∂
ρ∂ρ − 14δνα∂µ∂β + 12δνβ∂µ∂α
−1
4
ηµν∂α∂β − 12δµαδνβ∂ρ∂ρ + 12δµα∂ν∂β.
(12.54)
Denote the propagator of gravitational gauge field as
−i∆αβFµν(x), (12.55)
and denote the propagator of ghost field as
−i∆αFβ(x). (12.56)
They satisfy the following equation,
−Mµναβ(x)∆βγFνρ(x) =
∼
δ
µγ
αρ (x)δ(x), (12.57)
−∂2∆αFβ(x) = δαβ δ(x), (12.58)
where
∼
δ
µγ
αρ (x) is defined by (12.41).
Make Fourier transformations to momentum space
∆αβFµν(x) =
∫
d4k
(2π)4
∼
∆
αβ
Fµν (k) · eikx, (12.59)
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∆αFβ(x) =
∫
d4k
(2π)4
∼
∆
α
Fβ (k) · eikx, (12.60)
where
∼
∆
αβ
Fµν (k) and
∼
∆
α
Fβ (k) are corresponding propagators in momentum space.
They satisfy the following equations,
−Mµναβ
∼
∆
βγ
Fνρ (k) =
∼
δ
µγ
αρ, (12.61)
k2
∼
∆
α
Fβ (k) = δ
α
β , (12.62)
where the operator Mµναβ is defined by
M
µν
αβ
△
= Mµναβ(k)
△
= 1
4
ηµνηαβk
2 − 1
4
ηαβ(1− 4α)kµkν − 14δµβkνkα
+1
4
δµβδ
ν
αk
2 − 1
4
δναk
µkβ +
1
2
δνβk
µkα
−1
4
ηµνkαkβ − 12δµαδνβk2 + 12δµαkνkβ,
(12.63)
and
∼
δ
µγ
αρ is defined by
∼
δ
µγ
αρ
△
=
∼
δ
µγ
αρ (k) =
1
2
(∼
δ
µ
ρ
∼
δ
γ
α +
∼
η
µγ∼
ηαρ
)
. (12.64)
The operator Mµναβ has the following symmetric property
M
µν
αβ =M
νµ
βα. (12.65)
In the above relation,
∼
δ
µ
ρ ,
∼
η
µγ
and
∼
ηµγ are defined by
∼
δ
µ
ρ= δ
µ
ρ −
kµkρ
k2 − iǫ , (12.66)
∼
η
µγ
= ηµγ − k
µkγ
k2 − iǫ , (12.67)
∼
ηµγ= ηµγ − kµkγ
k2 − iǫ . (12.68)
It can be easily proved that
∼
δ
µ
ρ ,
∼
η
µγ
,
∼
ηµγ , δ
µ
ρ , η
µγ and ηµγ satisfy the following
relations: ∼
η
µγ∼
ηγν=
∼
δ
µ
ν , (12.69)
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ηµγ
∼
ηγν=
∼
δ
µ
ν , (12.70)
∼
η
µγ
ηγν =
∼
δ
µ
ν , (12.71)
∼
δ
µ
γ
∼
δ
γ
ν=
∼
δ
µ
ν , (12.72)
δµγ
∼
δ
γ
ν=
∼
δ
µ
ν , (12.73)
∼
δ
µ
γ δ
γ
ν =
∼
δ
µ
ν , (12.74)
∼
δ
µ
γ
∼
η
γν
=
∼
η
µν
, (12.75)
δµγ
∼
η
γν
=
∼
η
µν
, (12.76)
∼
δ
µ
γ η
γν =
∼
η
µν
, (12.77)
∼
δ
γ
µ
∼
ηγν=
∼
ηµν , (12.78)
δγµ
∼
ηγν=
∼
ηµν , (12.79)
∼
δ
γ
µ ηγν =
∼
ηµν , (12.80)
kµ
∼
ηµν= 0, (12.81)
kµ
∼
η
µν
= 0, (12.82)
kµ
∼
δ
ν
µ= 0, (12.83)
kµ
∼
δ
µ
ν= 0. (12.84)
Using all these relations, we can prove that
∼
δ
µγ
αρ satisfies the following relation
∼
δ
µγ
αρ ·
∼
δ
ρβ
γν=
∼
δ
µβ
αν . (12.85)
The solutions to the two propagator equations (12.61) and (12.62) give out the
propagators in momentum space,
−i ∼∆
αβ
Fµν (k) =
−i
k2 − iǫ
[
∼
ηµν
∼
η
αβ
+
∼
δ
β
µ
∼
δ
α
ν −
∼
δ
α
µ
∼
η
β
ν
]
, (12.86)
−i ∼∆
α
Fβ (k) =
−i
k2 − iǫδ
α
β . (12.87)
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The forms of these propagators are quite beautiful and symmetric.
∼
∆
αβ
Fµν (k) satisfies
the following relation
∼
∆
αβ
Fµν (k)·
∼
δ
νγ
βρ=
∼
∆
αγ
Fµρ (k). (12.88)
Its Fourier transformation gives out the following relation
∼
δ
νγ
βρ (x) ·∆αβFµν(x) = ∆αγFµρ(x). (12.89)
The above solution (12.86) is not the most general solution to equation (12.61). The
most general solution to the equation (12.61) is
−i ∼∆
αβ
Fµν (k) =
−i
k2−iǫ
[
c1ηµνη
αβ − c1ηαβ kµkνk2−iǫ + c3ηµν k
αkβ
k2−iǫ
+c2δ
β
µδ
α
ν − c2δαν kµk
β
k2−iǫ + c4δ
β
µ
kνkα
k2−iǫ
−δαµδβν + δβν kµk
α
k2−iǫ + δ
α
µ
kνkβ
k2−iǫ
+c5
kµkνkαkβ
(k2−iǫ)2
]
,
(12.90)
where parameters c1, c2, c3, c4 and c5 satisfy the following restriction
c1 + c2 = 2, (12.91)
c3 + c4 + c5 = −1. (12.92)
Set c1 = c2 = c5 = 1 and c3 = c4 = −1, we got the solution (12.86).
The interaction Lagrangian LI is a function of gravitational gauge field Cαµ and
ghost fields ηα and η¯α,
LI = LI(C, η, η¯). (12.93)
Then eq.(12.52) is changed into,
W [J, β, β¯] = N
∫
[DC][Dη][Dη¯] exp{i ∫ d4xLI(C, η, η¯)}
·exp{i ∫ d4x(LF + JµαCαµ + η¯αβα + β¯αηα)}
= exp
{
i
∫
d4xLI(1i δδJ , 1i δδβ¯ , 1−i δδβ )
}
·W0[J, β, β¯],
(12.94)
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where
W0[J, β, β¯] = N
∫
[DC][Dη][Dη¯]exp{i ∫ d4x (LF + JµαCαµ + η¯αβα + β¯αηα)}
= N
∫
[DC][Dη][Dη¯]exp{i ∫ d4x (1
2
CαµM
µν
αβ(x)C
β
ν + η¯α∂
2ηα
+JµαC
α
µ + η¯αβ
α + β¯αη
α
)}
= exp
{
i
∫ ∫
d4xd4y
[
1
2
Jµα(x)∆
αβ
Fµν(x− y)Jνβ (y)
+ β¯α(x)∆
α
Fβ(x− y)ββ(y)
]}
.
(12.95)
In order to obtain the above relation, eq. (12.47) is used.
The interaction Feynman rules for interaction vertices can be obtained from
the interaction Lagrangian LI . For example, the interaction Lagrangian between
gravitational gauge field and ghost field is
+g(∂µη¯α)C
β
µ (∂
βηα)− g(∂µη¯α)(∂σCαµ )ησ. (12.96)
This vertex belongs to Cαµ (k)η¯β(q)η
δ(p) three body interactions, its Feynman rule is
−igδβδ qµpα + igδβαqµkδ. (12.97)
Feynman rules for other interaction vertices can be obtained similarly. We will not
calculate Feynman rules for all kinds of interaction vertices here. For interaction
vertices which involve in gravitational gauge field, we can find that all Feynman
rules for interaction vertices are proportional to energy-momenta of one or more
particles, which is one of the most important properties of gravitational interac-
tions. In fact, this interaction property is expected for gravitational interactions,
for energy-momentum is the source of gravity.
13 Renormalization
In the quantum gauge general relativity, the gravitational coupling constant has
the dimensionality of negative powers of mass. According to traditional theory of
power counting law, it seems that the quantum gauge general relativity is a kind of
non-renormalizable theory. But this result is not correct. The power counting law
does not work here. General speaking, power counting law does not work when a
theory has gauge symmetry. If a theory has gauge symmetry, the constraints from
97
gauge symmetry will make some divergence cancel each other[48, 49, 50, 51, 52, 53].
In the quantum gauge general relativity, this mechanism works very well. In this
chapter, we will give a strict formal proof on the renormalization of the quantum
gauge general relativity. We will find that the effect of renormalization is just a
scale transformation of the original theory. Though there are infinite number of
divergent vertexes in the quantum gauge general relativity, we need not introduce
infinite number of interaction terms that do not exist in the original Lagrangian and
infinite number of parameters. All the divergent vertex can find its correspondence
in the original Lagrangian. Therefor, in renormalization, what we need to do is not
to introduce extra interaction terms to cancel divergent terms, but to redefine the
fields, coupling constants and some other parameters of the original theory. Be-
cause most of counterterms come from the factor J(C), this factor is key important
for renormalization. Without this factor, the theory is non-renormalizable. In a
word, the quantum gauge general relativity is a renormalizable quantum gauge the-
ory. Now, let’s start our discussion on renormalization from the generalized BRST
transformations.
The generalized BRST transformations are
δCαµ = −Dαµ βηβδλ, (13.1)
δηα = gησ(∂ση
α)δλ, (13.2)
δη¯α =
1
α
ηαβf
βδλ, (13.3)
δηµν = 0, (13.4)
δgαβ = g (gασ(∂βη
σ) + gσβ(∂αη
σ) + ησ(∂σgαβ)) δλ, (13.5)
where δλ is an infinitesimal Grassman constant. It can be strict proved that the
generalized BRST transformations for fields Cαµ and η
α are nilpotent:
δ(Dαµ βη
β) = 0, (13.6)
δ(ησ(∂ση
α)) = 0. (13.7)
It means that all second order variations of fields vanish.
Using the above transformation rules, it can be strictly proved that the general-
ized BRST transformation for gauge field strength tensor F αµν is
δF αµν = g
[−(∂σηα)F σµν + ησ(∂σF αµν)] δλ, (13.8)
and the transformation for the factor J(C) is
δJ(C) = g [(∂αη
α)J(C) + ηα(∂αJ(C))] δλ. (13.9)
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Therefore, under generalized BRST transformations, the Lagrangian L given by
eq.(12.1) transforms as
δL = g(∂α(ηαL))δλ. (13.10)
It is a total derivative term, its space-time integration vanish, i.e., the action of
eq.(12.2) is invariant under generalized BRST transformations,
δS = δ
(∫
d4xL
)
= 0. (13.11)
On the other hand, it can be strict proved that
δ
(
− 1
2α
ηαβf
αfβ + η¯α∂
µDαµ ση
σ
)
= 0. (13.12)
The non-renormalized effective Lagrangian is denoted as L[0]eff . It is given by
L[0]eff = L −
1
2α
ηαβf
αfβ + η¯α∂
µDαµ ση
σ. (13.13)
The effective action is defined by
S
[0]
eff =
∫
d4xL[0]eff . (13.14)
Using eqs.(12.11 - 13.12), we can prove that this effective action is invariant under
generalized BRST transformations,
δS
[0]
eff = 0. (13.15)
This is a strict relation without any approximation. It is known that BRST symme-
try plays key role in the renormalization of gauge theory, for it ensures the validity
of the Ward-Takahashi identity.
Before we go any further, we have to do another important work, i.e., to prove
that the functional integration measure [DC][Dη][Dη¯] is also generalized BRST in-
variant. We have proved before that the functional integration measure [DC] is not a
gauge invariant measure, therefore, it is highly important to prove that [DC][Dη][Dη¯]
is a generalized BRST invariant measure. BRST transformation is a kind of trans-
formation which involves both bosonic fields and fermionic fields. For the sake
of simplicity, let’s formally denote all bosonic fields as B = {Bi} and denote all
fermionic fields as F = {Fi}. All fields that are involved in generalized BRST trans-
formation are simply denoted by (B,F ). Then, generalized BRST transformation
is formally expressed as
(B,F ) → (B′, F ′). (13.16)
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The transformation matrix of this transformation is
J =
(
∂Bi
∂B′j
∂Bi
∂F ′
l
∂Fk
∂B′j
∂Fk
∂F ′
l
)
=
(
a α
β b
)
, (13.17)
where
a =
(
∂Bi
∂B′j
)
, (13.18)
b =
(
∂Fk
∂F ′l
)
, (13.19)
α =
(
∂Bi
∂F ′l
)
, (13.20)
β =
(
∂Fk
∂B′j
)
. (13.21)
Matrixes a and b are bosonic square matrix while α and β generally are not square
matrix. In order to calculate the Jacobian det(J), the above transformation (13.16)
is realized in two steps. The first step is a bosonic transformation
(B,F ) → (B′, F ). (13.22)
The transformation matrix of this transformation is denoted as J1,
J1 =
(
a− αb−1β αb−1
0 1
)
. (13.23)
Its Jacobian is
det J1 = det(a− αb−1β). (13.24)
Therefore, ∫ ∏
i
dBi
∏
k
dFk =
∫ ∏
i
dB′i
∏
k
dFk · det(a− αb−1β). (13.25)
The second step is a fermionic transformation,
(B′, F ) → (B′, F ′). (13.26)
Its transformation matrix is denoted as J2,
J2 =
(
1 0
β b
)
. (13.27)
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Its Jacobian is the inverse of the determinant of the transformation matrix,
(det J2)
−1 = (det b)−1. (13.28)
Using this relation, eq.(13.25) is changed into∫ ∏
i
dBi
∏
k
dFk =
∫ ∏
i
dB′i
∏
k
dF ′k · det(a− αb−1β)(det b)−1. (13.29)
For generalized BRST transformation, all non-diagonal matrix elements are pro-
portional to Grassman constant δλ. Non-diagonal matrix α and β contains only
non-diagonal matrix elements, so,
αb−1β ∝ (δλ)2 = 0. (13.30)
It means that∫ ∏
i
dBi
∏
k
dFk =
∫ ∏
i
dB′i
∏
k
dF ′k · det(a) · (det b)−1. (13.31)
Generally speaking, Cαµ and ∂νC
α
µ are independent degrees of freedom, so are η
α and
∂νη
α. Using eqs.(13.1 - 13.3), we obtain
(det a−1) = det
[
(δαβ + g(∂βη
α)δλ)δµν
]
=
∏
x(1 + g(∂αη
α)δλ)4.
(13.32)
(det b−1) = det
[(
δαβ + g(∂βη
α)δλ
)
δγδ
]
=
∏
x(1 + g(∂αη
α)δλ)4.
(13.33)
In eq.(13.33), δγδ comes from contribution of ghost fields η¯δ. Using these two rela-
tions, we have
det(a) · (det b)−1 =
∏
x
1 = 1. (13.34)
Therefore, under generalized BRST transformation, functional integrational mea-
sure [DC][Dη][Dη¯] is invariant,
[DC][Dη][Dη¯] = [DC ′][Dη′][Dη¯′]. (13.35)
Though both [DC] and [Dη] are not invariant under generalized BRST transforma-
tion, their product is invariant under generalized BRST transformation. This result
is interesting and important.
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The generating functional W [0][J ] is
W [0][J ] = N
∫
[DC][Dη][Dη¯]exp
{
i
∫
d4x(L[0]eff + JµαCαµ )
}
, (13.36)
where the external source Jµα satisfies the following restriction
Jµα =
∼
δ
µβ
αν J
ν
β . (13.37)
Because ∫
dηβdη¯σ · η¯α · f(η, η¯) = 0, (13.38)
where f(η, η¯) is a bilinear function of η and η¯, we have∫
[DC][Dη][Dη¯] · η¯α(x) · exp
{
i
∫
d4y(L[0]eff(y) + Jµα(y)Cαµ (y))
}
= 0. (13.39)
If all fields are the fields after generalized BRST transformation, eq.(13.39) still
holds, i.e.∫
[DC ′][Dη′][Dη¯′] · η¯′α(x) · exp
{
i
∫
d4y(L′[0]eff(y) + Jµα(y)C ′αµ (y))
}
= 0, (13.40)
where L′[0]eff is the effective Lagrangian after generalized BRST transformation. Both
functional integration measure and effective action
∫
d4yL′[0]eff(y) are generalized
BRST invariant, so, using eqs.(13.1 - 13.3), we get∫
[DC][Dη][Dη¯] [ 1
α
fα(C(x))δλ− iη¯α(C(x)) ∫ d4z(Jµβ (z)Dβµσ(z)ησ(z)δλ)]
·exp
{
i
∫
d4y(L[0]eff(y) + Jµα(y)Cαµ (y))
}
= 0.
(13.41)
This equation will lead to
1
α
fα
(
1
i
δ
δJ(x)
)
W [0][J ]−
∫
d4y Jµβ (y)D
β
µσ
(
1
i
δ
δJ(x)
)
W [0]σα[y, x, J ] = 0, (13.42)
where
W [0]σα[y, x, J ] = Ni
∫
[DC][Dη][Dη¯]η¯α(x)ησ(y)exp
{
i
∫
d4z(L[0]eff + JµαCαµ )
}
.
(13.43)
This is the generalized Ward-Takahashi identity for generating functional W [0][J ].
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Now, let’s introduce the external sources of ghost fields, then the generation
functional becomes
W [0][J, β, β¯] = N
∫
[DC][Dη][Dη¯]exp
{
i
∫
d4x(L[0]eff + JµαCαµ + η¯αβα + β¯αηα)
}
,
(13.44)
In renormalization of the theory, we have to introduce external sources Kµα and Lα
of the following composite operators,
Dαµβη
β , gησ(∂ση
α). (13.45)
Then the effective Lagrangian becomes
∼
L
[0]
(C, η, η¯, K, L) = L − 1
2α
ηαβf
αfβ + η¯α∂
µDαµ ση
σ +KµαD
α
µβη
β + gLαη
σ(∂ση
α)
= L[0]eff +KµαDαµβηβ + gLαησ(∂σηα).
(13.46)
Then,
∼
S
[0]
[C, η, η¯, K, L] =
∫
d4x
∼
L
[0]
(C, η, η¯, K, L). (13.47)
It is easy to deduce that
δ
∼
S
[0]
δKµα
= Dαµβη
β, (13.48)
δ
∼
S
[0]
δLα
= gησ(∂ση
α). (13.49)
The generating functional now becomes,
W [0][J, β, β¯, K, L] = N
∫
[DC][Dη][Dη¯]exp
{
i
∫
d4x(
∼
L
[0]
+JµαC
α
µ + η¯αβ
α + β¯αη
α)
}
.
(13.50)
In previous discussion, we have already proved that S
[0]
eff is generalized BRST in-
variant. External sources Kµα and Lα keep unchanged under generalized BRST
transformation. Using nilpotent property of generalized BRST transformation, it is
easy to prove that the two new terms KµαD
α
µβη
β and gLαη
σ(∂ση
α) in
∼
L
[0]
are also
generalized BRST invariant,
δ(KµαD
α
µβη
β) = 0, (13.51)
δ(gLαη
σ(∂ση
α)) = 0. (13.52)
Therefore, the action given by (13.47) are generalized BRST invariant,
δ
∼
S
[0]
= 0. (13.53)
103
It gives out
∫
d4x
{
−(Dαµβηβ(x))δλ δδCαµ (x) + gη
σ(x)(∂ση
α(x))δλ δ
δηα(x)
+ 1
α
fα(C(x))δλ δ
δη¯α(x)
} ∼
S
[0]
= 0.
(13.54)
Using relations (13.48 - 13.49), we can get
∫
d4x

 δ
∼
S
[0]
δKµα(x)
δ
∼
S
[0]
δCαµ (x)
+
δ
∼
S
[0]
δLα(x)
δ
∼
S
[0]
δηα(x)
+
1
α
fα(C(x))
δ
∼
S
[0]
δη¯α(x)

 = 0. (13.55)
On the other hand, from (13.46 - 13.47), we can obtain that
δ
∼
S
[0]
δη¯α(x)
= ∂µ
(
Dαµβη
β(x)
)
. (13.56)
Combine (13.48) with (13.56), we get
δ
∼
S
[0]
δη¯α(x)
= ∂µ

 δ ∼S [0]
δKµα(x)

 . (13.57)
In generation functional W [0][J, β, β¯, K, L], all fields are integrated, so, if we set
all fields to the fields after generalized BRST transformations, the final result should
not be changed, i.e.
∼
W
[0]
[J, β, β¯, K, L] = N
∫
[DC ′][Dη′][Dη¯′]
· exp{i ∫ d4x(L[0](C ′, η′, η¯′, K, L) + JµαC ′αµ + η¯′αβα + β¯αη′α)} .
(13.58)
Both action (13.47) and functional integration measure [DC][Dη][Dη¯] are generalized
BRST invariant, so, the above relation gives out
∫
[DC][Dη][Dη¯]
{
i
∫
d4x
(
Jµα
δ
∼
S
[0]
δKµα(x)
− β¯α δ
∼
S
[0]
δLα(x)
+ 1
α
ηασf
αβσ
)}
·exp{i ∫ d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)} = 0.
(13.59)
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On the other hand, because the ghost field η¯α was integrated in W
[0][J, β, β¯, K, L],
if we use η¯′α in the in functional integration, it will not change the generating func-
tional. That is
∼
W
[0]
[J, β, β¯, K, L] = N
∫
[DC][Dη][Dη¯′]
· exp{i ∫ d4x(L[0](C, η, η¯′, K, L) + JµαCαµ + η¯′αβα + β¯αηα)} .
(13.60)
Suppose that
η¯′α = η¯α + δη¯α. (13.61)
Then (13.60) and (13.50) will gives out
∫
[DC][Dη][Dη¯]
{∫
d4xδη¯α(
δ
∼
S
[0]
δη¯α(x)
+ βα(x))
}
·exp{i ∫ d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)} = 0.
(13.62)
Because δη¯α is an arbitrary variation, from (13.62), we will get
∫
[DC][Dη][Dη¯]
(
δ
∼
S
[0]
δη¯α(x)
+ βα(x)
)
·exp{i ∫ d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)} = 0.
(13.63)
The generating functional of connected Green function is given by
∼
Z
[0]
[J, β, β¯, K, L] = −i ln ∼W
[0]
[J, β, β¯, K, L]. (13.64)
After Legendre transformation, we will get the generating functional of irreducible
vertex
∼
Γ
[0]
[C, η¯, η,K, L],
∼
Γ
[0]
[C, η¯, η,K, L] =
∼
Z
[0]
[J, β, β¯, K, L]
− ∫ d4x (JµαCαµ + η¯αβα + β¯αηα) .
(13.65)
Functional derivative of the generating functional
∼
Z
[0]
gives out the classical fields
Cαµ , η
α and η¯α,
Cαµ =
δ
∼
Z
[0]
δJµα
, (13.66)
ηα =
δ
∼
Z
[0]
δβ¯α
, (13.67)
η¯α = −δ
∼
Z
[0]
δβα
. (13.68)
Then, functional derivative of the generating functional
∼
Γ
[0]
gives out external sources
Jµα , β¯α and β
α,
δ
∼
Γ
[0]
δCαµ
= −Jµα , (13.69)
δ
∼
Γ
[0]
δηα
= β¯α, (13.70)
δ
∼
Γ
[0]
δη¯α
= −βα. (13.71)
Besides, there are two other relations which can be strictly deduced from (13.65),
δ
∼
Γ
[0]
δKµα
=
δ
∼
Z
[0]
δKµα
, (13.72)
δ
∼
Γ
[0]
δLα
=
δ
∼
Z
[0]
δLα
. (13.73)
It is easy to prove that
i δ
∼
S
[0]
δKµα(x)
exp
{
i
∫
d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)
}
= δ
δKµα(x)
exp
{
i
∫
d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)
}
,
(13.74)
i δ
∼
S
[0]
δLα(x)
exp
{
i
∫
d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)
}
= δ
δLα(x)
exp
{
i
∫
d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)
}
.
(13.75)
Use these two relations, we can change (13.59) into∫
[DC][Dη][Dη¯]
{∫
d4x
(
Jµα(x)
δ
δKµα(x)
− β¯α(x) δδLα(x) + iαηασfα(1i δδJµγ (x))βσ(x)
)}
·exp{i ∫ d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)} = 0.
(13.76)
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Using relations (13.69 - 13.71) and definition of generating functional (13.58), we
can rewrite this equation into
∫
d4x

 δ
∼
W
[0]
δKµα(x)
δ
∼
Γ
[0]
δCαµ (x)
+
δ
∼
W
[0]
δLα(x)
δ
∼
Γ
[0]
δηα(x)
+
i
α
ηασf
α
(
1
i
δ
δJµρ (x)
)
∼
W
[0] δ
∼
Γ
[0]
δη¯σ(x)

 = 0.
(13.77)
Using (13.64), we can obtain that
δ
∼
W
[0]
δKµα(x)
= i
δ
∼
Γ
[0]
δKµα(x)
· ∼W
[0]
, (13.78)
δ
∼
W
[0]
δLα(x)
= i
δ
∼
Γ
[0]
δLα(x)
· ∼W
[0]
. (13.79)
Then (13.77) is changed into
∫
d4x

 δ
∼
Γ
[0]
δKµα(x)
δ
∼
Γ
[0]
δCαµ (x)
+
δ
∼
Γ
[0]
δLα(x)
δ
∼
Γ
[0]
δηα(x)
+
i
α
ηασf
α δ
∼
Γ
[0]
δη¯σ(x)

 = 0. (13.80)
Using (13.57) and (13.74), (13.63) becomes
∫
[DC][Dη][Dη¯]
[
−i∂µ δ
δKµα(x)
+ βα(x)
]
·exp{i ∫ d4y(L[0](C, η, η¯, K, L) + JµαCαµ + η¯αβα + β¯αηα)} = 0.
(13.81)
In above equation, the factor −i∂µ δ
δKµα(x)
+ βα(x) can be moved out of functional
integration, then (13.81) gives out
∂µ
δ
∼
Γ
[0]
δKµα(x)
=
δ
∼
Γ
[0]
δη¯α(x)
. (13.82)
In order to obtain this relation, (13.58), (13.78) and (13.71) are used.
Define
Γ¯[0][C, η¯, η,K, L] =
∼
Γ
[0]
[C, η¯, η,K, L] +
1
2α
∫
d4xηαβf
αfβ (13.83)
It is easy to prove that
δΓ¯[0]
δKµα(x)
=
δ
∼
Γ
[0]
δKµα(x)
, (13.84)
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δΓ¯[0]
δLα(x)
=
δ
∼
Γ
[0]
δLα(x)
, (13.85)
δΓ¯[0]
δηα(x)
=
δ
∼
Γ
[0]
δηα(x)
, (13.86)
δΓ¯[0]
δη¯α(x)
=
δ
∼
Γ
[0]
δη¯α(x)
, (13.87)
δΓ¯[0]
δCαµ (x)
=
δ
∼
Γ
[0]
δCαµ (x)
− 1
α
ηαβ∂
µfβ. (13.88)
Using these relations, (13.82) and (13.80) are changed into
∂µ
δΓ¯[0]
δKµα(x)
=
δΓ¯[0]
δη¯α(x)
, (13.89)
∫
d4x
{
δΓ¯[0]
δKµα(x)
δΓ¯[0]
δCαµ (x)
+
δΓ¯[0]
δLα(x)
δΓ¯[0]
δηα(x)
}
= 0. (13.90)
Eqs.(13.89 - 13.90) are generalized Ward-Takahashi identities of generating func-
tional of regular vertex. It is the foundations of the renormalization of the quantum
general relativity.
Generating functional
∼
Γ
[0]
is the generating functional of regular vertex with
external sources, which is constructed from the Lagrangian
∼
L
[0]
eff . It is a functional
of physical field, therefore, we can make a functional expansion
∼
Γ
[0]
=
∑
n
∫
δn
∼
Γ
[0]
δC
α1
µ1
(x1)···δCαnµn (xn)
|C=η=η¯=0Cα1µ1 (x1) · · ·Cαnµn (xn)d4x1 · · ·d4xn
+
∑
n
∫
δ2
δη¯β1 (y1)δη
β2 (y2)
δn
∼
Γ
[0]
δC
α1
µ1
(x1)···δCαnµn (xn)
|C=η=η¯=0
· η¯β1(y1)ηβ2(y2)Cα1µ1 (x1) · · ·Cαnµn (xn)d4y1d4y2d4x1 · · ·d4xn
+ · · · .
(13.91)
In this functional expansion, the expansion coefficients are regular vertexes with
external sources. Before renormalization, these coefficients contain divergences. If
we calculate these divergences in the methods of dimensional regularization, the
form of these divergence will not violate gauge symmetry of the theory[55, 56].
In other words, in the method of dimensional regularization, gravitational gauge
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symmetry is not violated and the generating functional of regular vertex satisfies
Ward-Takahashi identities (13.89 - 13.90). In order to eliminate the ultraviolet
divergences of the theory, we need to introduce counterterms into Lagrangian. All
these counterterms are formally denoted by δL. Then the renormalized Lagrangian
is
∼
Leff=
∼
L
[0]
eff +δL. (13.92)
Because δL contains all counterterms, ∼Leff is the Lagrangian density after renor-
malization. The generating functional of regular vertex which is calculate from
∼
Leff
is denoted by
∼
Γ. The regular vertexes calculated from this generating functional∼
Γ contain no ultraviolet divergence anymore. Then let external sources Kµα and
Lα vanish, we will get generating functional Γ of regular vertex without external
sources,
Γ =
∼
Γ |K=L=0. (13.93)
The regular vertexes which are generated from Γ will contain no ultraviolet di-
vergence either. Therefore, the S-matrix for all physical process are finite. For
a renormalizable theory, the counterterm δL only contain finite unknown parame-
ters which are needed to be determined by experiments. If conterterm δL contains
infinite unknown parameters, the theory will lost its predictive power and it is con-
ventionally regarded as a non-renormalizable theory. Now, the main task for us is to
prove that the conterterm δL for the quantum gauge general relativity only contains
a few unknown parameters. If this goal was reached, we will have proved that the
quantum gauge general relativity is renormalizable quantum gravity.
Now, we use inductive method to prove the renormalizability of the quantum
gauge general relativity. In the previous discussion, we have proved that the gen-
erating functional of regular vertex before renormalization satisfies Ward-Takahashi
identities (13.89 - 13.90). The effective Lagrangian density that contains all coun-
terterms which cancel all divergences of l-loops (0 ≤ l ≤ L) is denoted by ∼L
[L]
.
∼
Γ
[L]
is the generating functional of regular vertex which is calculated from
∼
L
[L]
. The
regular vertex which is generated by
∼
Γ
[L]
will contain no divergence if the number
of the loops of the diagram is not greater than L. We have proved that the gener-
ating functional
∼
Γ
[L]
satisfies Ward-Takahashi identities if L = 0. Hypothesis that
Ward-Takahashi identities are also satisfied when L = N , that is
∂µ
δΓ¯[N ]
δKµα(x)
=
δΓ¯[N ]
δη¯α(x)
, (13.94)
∫
d4x
{
δΓ¯[N ]
δKµα(x)
δΓ¯[N ]
δCαµ (x)
+
δΓ¯[N ]
δLα(x)
δΓ¯[N ]
δηα(x)
}
= 0. (13.95)
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Our goal is to prove that Ward-Takahashi identities are also satisfied when L = N+1.
Now, let’s introduce a special product which is defined by
A ∗B ≡
∫
d4x
{
δA
δKµα(x)
δB
δCαµ (x)
+
δA
δLα(x)
δB
δηα(x)
}
. (13.96)
Then (13.95) will be simplified to
Γ¯[N ] ∗ Γ¯[N ] = 0. (13.97)
Γ¯[N ] contains all contributions from all possible diagram with arbitrary loops. The
contribution from l-loop diagram is proportional to ~l. We can expand Γ¯[N ] as a
power serials of ~l,
Γ¯[N ] =
∑
M
~
M Γ¯
[N ]
M , (13.98)
where Γ¯
[N ]
M is the contribution from allM-loop diagrams. According to our inductive
hypothesis, all Γ¯
[N ]
M are finite is M ≤ N . Therefore, divergence first appear in Γ¯[N ]N+1.
Substitute (13.98) into (13.97), we will get∑
M,L
~
M+LΓ¯
[N ]
M ∗ Γ¯[N ]L = 0. (13.99)
The (L+ 1)-loop contribution of (13.99) is
N+1∑
M=0
Γ¯
[N ]
M ∗ Γ¯[N ]N−M+1 = 0. (13.100)
Γ¯
[N ]
N+1 can separate into two parts: finite part Γ¯
[N ]
N+1,F and divergent part Γ¯
[N ]
N+1,div,
that is
Γ¯
[N ]
N+1 = Γ¯
[N ]
N+1,F + Γ¯
[N ]
N+1,div. (13.101)
Γ¯
[N ]
N+1,div is a divergent function of (4−D) if we calculate loop diagrams in dimensional
regularization. In other words, all terms in Γ¯
[N ]
N+1,div are divergent terms when (4−D)
approaches zero. Substitute (13.101) into (13.100), if we only concern divergent
terms, we will get
Γ¯
[N ]
N+1,div ∗ Γ¯[N ]0 + Γ¯[N ]0 ∗ Γ¯[N ]N+1,div = 0. (13.102)
Γ¯
[N ]
N+1,F has no contribution to the divergent part. Because Γ¯
[N ]
0 represents contribu-
tion from tree diagram and counterterms has no contribution to tree diagram, we
have
Γ¯
[N ]
0 = Γ¯
[0]
0 . (13.103)
Denote
Γ¯0 = Γ¯
[N ]
0 =
∼
S
[0]
+
1
2α
∫
d4xηαβf
αfβ. (13.104)
Then (13.102) is changed into
Γ¯
[N ]
N+1,div ∗ Γ¯0 + Γ¯0 ∗ Γ¯[N ]N+1,div = 0. (13.105)
Substitute (13.98) into (13.94), we get
∂µ
δΓ¯
[N ]
N+1
δKµα(x)
=
δΓ¯
[N ]
N+1
δη¯α(x)
. (13.106)
The finite part Γ¯
[N ]
N+1,F has no contribution to the divergent part, so we have
∂µ
δΓ¯
[N ]
N+1,div
δKµα(x)
=
δΓ¯
[N ]
N+1,div
δη¯α(x)
. (13.107)
The operator gˆ is defined by
gˆ ≡ ∫ d4x{ δΓ¯0
δCαµ (x)
δ
δKµα(x)
+ δΓ¯0
δLα(x)
δ
δηα(x)
+ δΓ¯0
δKµα(x)
δ
δCαµ (x)
+ δΓ¯0
δηα(x)
δ
δLα(x)
}
.
(13.108)
Using this definition, (13.105) simplifies to
gˆΓ¯
[N ]
N+1,div = 0. (13.109)
It can be strictly proved that operator gˆ is a nilpotent operator, i.e.
gˆ2 = 0. (13.110)
Suppose that f [C] is an arbitrary functional of gravitational gauge field Cαµ which
is invariant under local gravitational gauge transformation. f [C] is invariant under
generalized BRST transformation. The generalized BRST transformation of f [C] is
δf [C] = −
∫
d4x
δf [C]
δCαµ (x)
Dαµβη
βδλ. (13.111)
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Because δλ is an arbitrary Grassman variable, (13.111) gives out
δf [C] = −
∫
d4x
δf [C]
δCαµ (x)
Dαµβη
β. (13.112)
Because f [C] is a functional of only gravitational gauge fields, its functional deriva-
tives to other fields vanish
δf [C]
δKµα(x)
= 0, (13.113)
δf [C]
δLα(x)
= 0, (13.114)
δf [C]
δηα(x)
= 0. (13.115)
Using these relations, (13.112) is changed into
δf [C] = gˆf [C]. (13.116)
The generalized BRST symmetry of f [C] gives out the following important property
of operator gˆ,
gˆf [C] = 0. (13.117)
Using two important properties of operator gˆ which are shown in eq.(13.110)
and eq.(13.117), we could see that the solution of eq.(13.109) can be written in the
following form
Γ¯
[N ]
N+1,div = f [C] + gˆf
′[C, η, η¯, K, L], (13.118)
f [C] is a gauge invariant functional and f ′[C, η, η¯, K, L] is an arbitrary functional of
fields Cαµ (x), η
α(x), η¯α(x) and external sources K
µ
α(x) and Lα(x).
Now, let’s consider constrain from eq.(13.106). Using eq.(13.113) and eq.(13.115),
we can see that f [C] satisfies eq.(13.106), so eq.(13.106) has no constrain on f [C].
Define a new variable
Bµα = K
µ
α − ∂µη¯α. (13.119)
f1[B] is an arbitrary functional of B. It can be proved that
δf1[B]
δBµα(x)
=
δf1[B]
δKµα(x)
, (13.120)
δf1[B]
δη¯α(x)
= ∂µ
δf1[B]
δBµα(x)
. (13.121)
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Combine these two relations, we will get
δf1[B]
δη¯α(x)
= ∂µ
δf1[B]
δKµα(x)
. (13.122)
There f1[B] is a solution to eq.(13.107). Suppose that there is another functional f2
that is given by,
f2[K,C, η, L] =
∫
d4x KµαT
α
µ (C, η, L), (13.123)
where T αµ is a conserved current
∂µT αµ = 0. (13.124)
It can be easily proved that f2[K,C, η, L] is also a solution of eq.(13.106). Be-
cause Γ¯0 satisfies eq.(13.107) (please see eq.(13.89)), operator gˆ commutes with
δ
δη¯α(x)
− ∂µ δ
δKµα(x)
. It means that functional f ′[C, η, η¯, K, L] in eq.(13.118) must sat-
isfy eq.(13.107). According to these discussion, the solution of f ′[C, η, η¯, K, L] has
the following form,
f ′[C, η, η¯, K, L] = f1[C, η,K
µ
α − ∂µη¯α, L] +
∫
d4x KµαT
α
µ (C, η, L). (13.125)
In order to determine f ′[C, η, η¯, K, L], we need to study dimensions of various
fields and external sources. Set the dimensionality of mass to 1, i.e.
D[Pˆµ] = 1. (13.126)
Then we have
D[Cαµ ] = 1, (13.127)
D[d4x] = −4, (13.128)
D[Dµ] = 1, (13.129)
D[η] = D[η¯] = 1, (13.130)
D[K] = D[L] = 2, (13.131)
D[g] = −1, (13.132)
D[Γ¯
[N ]
N+1,div] = D[S] = 0. (13.133)
Using these relations, we can prove that
D[gˆ] = 1, (13.134)
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D[f ′] = −1. (13.135)
Define virtual particle number Ng of ghost field η is 1, and that of ghost field η¯ is
-1, i.e.
Ng[η] = 1, (13.136)
Ng[η¯] = −1. (13.137)
The virtual particle number is a additive conserved quantity, so Lagrangian and
action carry no virtual particle number,
Ng[S] = Ng[L] = 0. (13.138)
The virtual particle number Ng of other fields and external sources are
Ng[C] = Ng[Dµ] = 0, (13.139)
Ng[g] = 0, (13.140)
Ng[Γ¯] = 0, (13.141)
Ng[K] = −1, (13.142)
Ng[L] = −2. (13.143)
Using all these relations, we can determine the virtual particle number Ng of gˆ and
f ′,
Ng[gˆ] = 1, (13.144)
Ng[f
′] = −1. (13.145)
According to eq.(13.135) and eq.(13.145), we know that the dimensionality of f ′ is
−1 and its virtual particle number is also −1. Besides, f ′ must be a Lorentz scalar.
Combine all these results, the only two possible solutions of f1[C, η,K
µ
α − ∂µη¯α, L]
in eq.(13.125) are
(Kµα − ∂µη¯α)Cαµ , (13.146)
η¯αLα. (13.147)
The only possible solution of T αµ is C
α
µ . But in general gauge conditions, C
α
µ does not
satisfy the conserved equation eq.(13.124). Therefore, the solution to f ′[C, η, η¯, K, L]
is linear combination of (13.146) and (13.147), i.e.
f ′[C, η, η¯, K, L] =
∫
d4x
[
βN+1(ε)(K
µ
α − ∂µη¯α)Cαµ + γN+1(ε)η¯αLα
]
, (13.148)
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where ε = (4−D), βN+1(ε) and γN+1(ε) are divergent parameters when ε approaches
zero. Then using the definition of gˆ, we can obtain the following result,
gˆf ′[C, η, η¯, K, L] = −βN+1(ε)
∫
d4x
[
δΓ¯0
δCαµ (x)
Cαµ (x) +
δΓ¯0
δKµα(x)
Kµα(x)− η¯α∂µDαµβηβ
]
−γN+1(ε)
∫
d4x
[
δΓ¯0
δLα(x)
Lα(x) +
δΓ¯0
δηα(x)
ηα(x)
]
.
(13.149)
The solution to f [C] of eq.(13.118) which is constructed from pure gravitational
gauge fields is the action S[C] of gauge fields. Therefore, the most general solution
of Γ¯
[N ]
N+1,div is
Γ¯
[N ]
N+1,div = αN+1(ε)S[C]−
∫
d4x
[
βN+1(ε)
δΓ¯0
δCαµ (x)
Cαµ (x) + βN+1(ε)
δΓ¯0
δKµα(x)
Kµα(x)
+γN+1(ε)
δΓ¯0
δLα(x)
Lα(x) + γN+1(ε)
δΓ¯0
δηα(x)
ηα(x)− βN+1(ε)η¯α∂µDαµβηβ
]
.
(13.150)
In fact, the action S[C] is a functional of pure gravitational gauge field. It
also contains gravitational coupling constant g. So, we can denote it as S[C, g].
From eq.(5.50), eq.(5.59) and eq.(5.60), we can prove that the action S[C, g] has the
following important properties,
S[gC, 1] = g2S[C, g]. (13.151)
Differentiate both sides of eq.(13.151) with respect to coupling constant g, we can
get
S[C, g] =
1
2
∫
d4x
δS[C, g]
δCαµ (x)
Cαµ (x)−
1
2
g
∂S[C, g]
∂g
. (13.152)
It can be easily proved that∫
d4xCαµ (x)
δ
δCαµ (x)
[∫
d4yη¯α(y)∂
µDαµβη
β(y)
]
=
∫
d4x
[
(∂µη¯β(x))(∂µη
β(x)) + η¯α(x)∂
µDαµβη
β(x)
]
,
(13.153)
∫
d4xCαµ (x)
δ
δCαµ (x)
[∫
d4yKµα(y)D
α
µβη
β(y)
]
= − ∫ d4x [Kµα(x)∂µηα(x)−Kµα(x)Dαµβηβ(x)] ,
(13.154)
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g ∂
∂g
[∫
d4xη¯α(x)∂
µDαµβη
β(x)
]
=
∫
d4x
[
(∂µη¯β(x))(∂µη
β(x)) + η¯α(x)∂
µDαµβη
β(x)
]
,
(13.155)
g ∂
∂g
[∫
d4xKµα(x)D
α
µβη
β(x)
]
= − ∫ d4x [Kµα(x)∂µηα −Kµα(x)Dαµβηβ] ,
(13.156)
g ∂
∂g
[∫
d4x gLα(x)η
β(x)(∂βη
α(x))
]
=
∫
d4x gLα(x)η
β(x)(∂βη
α(x)),
(13.157)
Using eqs.(13.153 - 13.154), eq.(13.104) and eq.(13.46), we can prove that∫
d4x δS[C,g]
δCαµ (x)
Cαµ (x) =
∫
d4x δΓ¯0
δCαµ (x)
Cαµ (x) +
∫
d4x [−(∂µη¯α(x))(∂µηα(x))
−η¯α(x)∂µDαµβηβ(x) +Kµα(x)∂µηα(x)−Kµα(x)Dαµβηβ(x)
]
.
(13.158)
Similarly, we can get,
g ∂S[C,g]
∂g
= g ∂Γ¯0
∂g
+
∫
d4x
[−(∂µη¯α(x))(∂µηα(x))− η¯α(x)∂µDαµβηβ(x) +Kµα(x)∂µηα(x)
−Kµα(x)Dαµβηβ(x)− gLα(x)ηβ(x)(∂βηα(x))
]
.
(13.159)
Substitute eqs.(13.158 -13.159) into eq.(13.152), we will get
S[C, g] =
1
2
∫
d4x
δΓ¯0
δCαµ (x)
Cαµ (x)−
1
2
g
∂Γ¯0
∂g
+
∫
d4x
{
1
2
gLα(x)η
β(x)(∂βη
α(x)
}
.
(13.160)
Substitute eq.(13.160) into eq.(13.150). we will get
Γ¯
[N ]
N+1,div =
∫
d4x
[
(αN+1(ε)
2
− βN+1(ε))Cαµ (x) δΓ¯0δCαµ (x)
+(αN+1(ε)
2
− γN+1(ε))Lα(x) δΓ¯0δLα(x)
+γN+1(ε)η
α(x) δΓ¯0
δηα(x)
+ βN+1(ε)η¯α(x)
δΓ¯0
δη¯α(x)
+βN+1(ε)K
µ
α(x)
δΓ¯0
δKµα(x)
]
− αN+1(ε)
2
g ∂Γ¯0
∂g
(13.161)
On the other hand, we can prove the following relations∫
d4xηα(x) δ
δηα(x)
[∫
d4y η¯β(y)∂
µDβµση
σ(y)
]
=
∫
d4x η¯β(x)∂
µDβµση
σ(x), (13.162)
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∫
d4xηα(x) δ
δηα(x)
[∫
d4y Kµβ (y)D
β
µση
σ(y)
]
=
∫
d4x Kµβ (x)D
β
µση
σ(x), (13.163)∫
d4xηα(x) δ
δηα(x)
[∫
d4y gLβ(y)η
σ(y)(∂ση
β(y))
]
= 2
∫
d4x gLβ(x)η
σ(x)(∂ση
β(x)),
(13.164)∫
d4xηα(x) δΓ¯0
δηα(x)
=
∫
d4x
{
η¯β(x)∂
µDβµση
σ(x)
+Kµβ (x)D
β
µση
σ(x) + 2gLβ(x)η
σ(x)(∂ση
β(x))
}
.
(13.165)
Substitute eqs.(13.162 - 13.164) into eq.(13.165), we will get∫
d4x
{
−ηα δΓ¯0
δηα
+ η¯α
δΓ¯0
δη¯α
+Kµα
δΓ¯0
δKµα
+ 2Lα
δΓ¯0
δLα
}
= 0. (13.166)
Eq.(13.166) times γN+1−βN+1
2
, then add up this results and eq.(13.161), we will get
Γ¯
[N ]
N+1,div =
∫
d4x
[
(αN+1(ε)
2
− βN+1(ε))
(
Cαµ (x)
δΓ¯0
δCαµ (x)
+ Lα(x)
δΓ¯0
δLα(x)
)
βN+1(ε)+γN+1(ε)
2
(
ηα(x) δΓ¯0
δηα(x)
+ η¯α(x)
δΓ¯0
δη¯α(x)
+Kµα(x)
δΓ¯0
δKµα(x)
)]
−αN+1(ε)
2
g ∂Γ¯0
∂g
.
(13.167)
This is the most general form of Γ¯
[N ]
N+1,div which satisfies Ward-Takahashi identities.
According to minimal subtraction, the counterterm that cancel the divergent
part of Γ¯
[N ]
N+1 is just −Γ¯[N ]N+1,div, that is
∼
S
[N+1]
=
∼
S
[N ]
−Γ¯[N ]N+1,div + o(~N+2), (13.168)
where the term of o(~N+2) has no contribution to the divergences of (N + 1)-loop
diagrams. Suppose that Γ¯
[N+1]
N+1 is the generating functional of regular vertex which
is calculated from
∼
S
[N+1]
. It can be easily proved that
Γ
[N+1]
N+1 = Γ
[N ]
N+1 − Γ¯[N ]N+1,div. (13.169)
Using eq.(13.101), we can get
Γ
[N+1]
N+1 = Γ¯
[N ]
N+1,F . (13.170)
Γ
[N+1]
N+1 contains no divergence which is just what we expected.
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Now, let’s try to determine the form of
∼
S
[N+1]
. Denote the non-renormalized
action of the system as
∼
S
[0]
=
∼
S
[0]
[Cαµ , η¯α, η
α, Kµα , Lα, g, α]. (13.171)
As one of the inductive hypothesis, we suppose that the action of the system after
~N order renormalization is
∼
S
[N ]
[Cαµ , η¯α, η
α, Kµα, Lα, g, α]
=
∼
S
[0]
[
√
Z
[N ]
1 C
α
µ ,
√
Z
[N ]
2 η¯α,
√
Z
[N ]
3 η
α,
√
Z
[N ]
4 K
µ
α,
√
Z
[N ]
5 Lα, Z
[N ]
g g, Z
[N ]
α α].
(13.172)
Substitute eq(13.167) and eq.(13.172) into eq.(13.168), we obtain
∼
S
[N+1]
=
∼
S
[0]
[
√
Z
[N ]
1 C
α
µ ,
√
Z
[N ]
2 η¯α,
√
Z
[N ]
3 η
α,
√
Z
[N ]
4 K
µ
α ,
√
Z
[N ]
5 Lα, Z
[N ]
g g, Z
[N ]
α α]
− ∫ d4x [(αN+1(ε)
2
− βN+1(ε))
(
Cαµ (x)
δΓ¯0
δCαµ (x)
+ Lα(x)
δΓ¯0
δLα(x)
)
+βN+1(ε)+γN+1(ε)
2
(
ηα(x) δΓ¯0
δηα(x)
+ η¯α(x)
δΓ¯0
δη¯α(x)
+Kµα(x)
δΓ¯0
δKµα(x)
)]
+αN+1(ε)
2
g ∂Γ¯0
∂g
+ o(~N+2).
(13.173)
Using eq.(13.104), we can prove that
∫
d4xCαµ (x)
δΓ¯0
δCαµ (x)
=
∫
d4xCαµ (x)
δ
∼
S
[0]
δCαµ (x)
+ 2α
∂
∼
S
[0]
∂α
, (13.174)
∫
d4xLα(x)
δΓ¯0
δLα(x)
=
∫
d4xLα(x)
δ
∼
S
[0]
δLα(x)
, (13.175)
∫
d4xη¯α(x)
δΓ¯0
δη¯α(x)
=
∫
d4xη¯α(x)
δ
∼
S
[0]
δη¯α(x)
, (13.176)
∫
d4xηα(x)
δΓ¯0
δηα(x)
=
∫
d4xηα(x)
δ
∼
S
[0]
δηα(x)
, (13.177)
∫
d4xKµα(x)
δΓ¯0
δKµα(x)
=
∫
d4xKµα(x)
δ
∼
S
[0]
δKµα(x)
, (13.178)
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g
∂Γ¯0
∂g
= g
∂
∼
S
[0]
∂g
. (13.179)
Using these relations, eq.(13.173) is changed into,
∼
S
[N+1]
=
∼
S
[0]
[
√
Z
[N ]
1 C
α
µ ,
√
Z
[N ]
2 η¯α,
√
Z
[N ]
3 η
α,
√
Z
[N ]
4 K
µ
α ,
√
Z
[N ]
5 Lα, Z
[N ]
g g, Z
[N ]
α α]
− ∫ d4x [(αN+1(ε)
2
− βN+1(ε))
(
Cαµ (x)
δ
∼
S
[0]
δCαµ (x)
+ Lα(x)
δ
∼
S
[0]
δLα(x)
)
+βN+1(ε)+γN+1(ε)
2
(
ηα(x) δ
∼
S
[0]
δηα
+ η¯α(x)
δ
∼
S
[0]
δη¯α(x)
+Kµα(x)
δ
∼
S
[0]
δKµα(x)
)]
+αN+1(ε)
2
g ∂
∼
S
[0]
∂g
− 2(αN+1(ε)
2
− βN+1(ε))α∂
∼
S
[0]
∂α
+ o(~N+2)
(13.180)
We can see that this relation has just the form of first order functional expansion.
Using this relation, we can determine the form of
∼
S
[N+1]
. It is
∼
S
[N+1]
[Cαµ , η¯α, η
α, Kµα , Lα, g, α]
=
∼
S
[0]
[
√
Z
[N+1]
1 C
α
µ ,
√
Z
[N+1]
2 η¯α,
√
Z
[N+1]
3 η
α,
√
Z
[N+1]
4 K
µ
α,
√
Z
[N+1]
5 Lα, Z
[N+1]
g g, Z
[N+1]
α α],
(13.181)
where
√
Z
[N+1]
1 =
√
Z
[N+1]
5 =
√
Z
[N+1]
α = 1−
N+1∑
L=1
(
αL(ε)
2
− βL(ε)
)
, (13.182)
√
Z
[N+1]
2 =
√
Z
[N+1]
3 =
√
Z
[N+1]
4 = 1−
N+1∑
L=1
βL(ε) + γL(ε)
2
, (13.183)
Z [N+1]g = 1 +
N+1∑
L=1
αL(ε)
2
. (13.184)
Denote √
Z [N+1]
△
=
√
Z
[N+1]
1 =
√
Z
[N+1]
5 =
√
Z
[N+1]
α , (13.185)√
∼
Z
[N+1] △
=
√
Z
[N+1]
2 =
√
Z
[N+1]
3 =
√
Z
[N+1]
4 . (13.186)
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The eq.(13.181) is changed into
∼
S
[N+1]
[Cαµ , η¯α, η
α, Kµα , Lα, g, α]
=
∼
S
[0]
[
√
Z [N+1]Cαµ ,
√
∼
Z
[N+1]
η¯α,
√
∼
Z
[N+1]
ηα,
√
∼
Z
[N+1]
Kµα ,
√
Z [N+1]Lα, Z
[N+1]
g g, Z [N+1]α].
(13.187)
Using eq.(13.187), we can easily prove that
Γ¯[N+1][Cαµ , η¯α, η
α, Kµα, Lα, g, α]
= Γ¯[0]
[√
Z [N+1]Cαµ ,
√
∼
Z
[N+1]
η¯α,
√
∼
Z
[N+1]
ηα,
√
∼
Z
[N+1]
Kµα,
√
Z [N+1]Lα, Z
[N+1]
g g, Z [N+1]α
]
.
(13.188)
Now, we need to prove that all inductive hypotheses hold at L = N + 1. The
main inductive hypotheses which is used in the above proof are the following three:
when L = N , the following three hypotheses hold,
1. the lowest divergence of Γ¯[N ] appears in the (N + 1)-loop diagram;
2. Γ¯[N ] satisfies Ward-Takahashi identities eqs.(13.94-13.95);
3. after ~N th order renormalization, the action of the system has the form of
eq.(13.172).
First, let’s see the first hypothesis. According to eq.(13.170), after introducing
(N + 1)th order counterterm, the (N + 1)-loop diagram contribution of Γ¯[N+1] is fi-
nite. It means that the lowest order divergence of Γ¯[N+1] appears in the (N+2)-loop
diagram. So, the first inductive hypothesis hold when L = N + 1.
It is known that the non-renormalized generating functional of regular vertex
Γ¯[0] = Γ¯[0][C, η¯, η,K, L, g, α] (13.189)
satisfies Ward-Takahsshi identities eqs.(13.89-13.90). If we define
Γ¯′ = Γ¯[0][C ′, η¯′, η′, K ′, L′, g′, α′, ], (13.190)
then, it must satisfy the following Ward-Takahashi identities
∂µ
δΓ¯′
δK ′µα (x)
=
δΓ¯′
δη¯′α(x)
, (13.191)
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∫
d4x
{
δΓ¯′
δK ′µα (x)
δΓ¯′
δC ′αµ (x)
+
δΓ¯′
δL′α(x)
δΓ¯′
δη′α(x)
}
= 0. (13.192)
Set,
C ′αµ =
√
Z [N+1]Cαµ , (13.193)
K ′µα =
√
∼
Z
[N+1]
Kµα , (13.194)
L′α =
√
Z [N+1]Lα, (13.195)
η′α =
√
∼
Z
[N+1]
ηα, (13.196)
η¯′α =
√
∼
Z
[N+1]
η¯α, (13.197)
g′ = Z [N+1]g g, (13.198)
α′ = Z [N+1]α. (13.199)
In this case, we have
Γ¯′ = Γ¯[0]
[√
Z [N+1]Cαµ ,
√
∼
Z
[N+1]
η¯α,
√
∼
Z
[N+1]
ηα,
√
∼
Z
[N+1]
Kµα,
√
Z [N+1]Lα, Z
[N+1]
g g, Z [N+1]α, , η1, η2
]
= Γ¯[N+1].
(13.200)
Then eq.(13.191) is changed into
1√
∼
Z
[N+1]
∂µ
δΓ¯[N+1]
δKµα(x)
=
1√
∼
Z
[N+1]
δΓ¯[N+1]
δη¯α(x)
. (13.201)
Because 1√
∼
Z
[N+1]
does not vanish, the above equation gives out
∂µ
δΓ¯[N+1]
δKµα(x)
=
δΓ¯[N+1]
δη¯α(x)
. (13.202)
Eq.(13.192) gives out
∫
d4x

 1√∼
Z
[N+1]√
Z [N+1]
[
δΓ¯[N+1]
δKµα(x)
δΓ¯[N+1]
δCαµ (x)
+
δΓ¯[N+1]
δLα(x)
δΓ¯[N+1]
δηα(x)
]
 = 0. (13.203)
121
Because 1√
∼
Z
[N+1]√
Z [N+1]
does not vanish, we can obtain
∫
d4x
{
δΓ¯[N+1]
δKµα(x)
δΓ¯[N+1]
δCαµ (x)
+
δΓ¯[N+1]
δLα(x)
δΓ¯[N+1]
δηα(x)
}
= 0. (13.204)
Eq.(13.202) and eq.(13.204) are just the Ward-Takahashi identities for L = N + 1.
Therefore, the second inductive hypothesis holds when L = N + 1.
The third inductive hypothesis has already been proved which is shown in eq.(13.187).
Therefore, all three inductive hypothesis hold when L = N +1. According to induc-
tive principle, they will hold when L is an arbitrary non-negative number, especially
they hold when L approaches infinity.
In above discussions, we have proved that, if we suppose that when L = N
eq.(13.172) holds, then it also holds when L = N + 1. According to inductive
principle, we know that eq.(13.187 - 13.188) hold for any positive integer N , that is
∼
S [Cαµ , η¯α, η
α, Kµα, Lα, g, α]
=
∼
S
[0]
[√
ZCαµ ,
√
∼
Zη¯α,
√
∼
Zηα,
√
∼
ZKµα ,
√
ZLα, Zgg, Zα
]
,
(13.205)
Γ¯[Cαµ , η¯α, η
α, Kµα , Lα, g, α]
= Γ¯[0]
[√
ZCαµ ,
√
∼
Zη¯α,
√
∼
Zηα,
√
∼
ZKµα ,
√
ZLα, Zgg, Zα
]
,
(13.206)
where √
Z
△
= lim
N→∞
√
Z [N ] = 1−
∞∑
L=1
(
αL(ε)
2
− βL(ε)
)
, (13.207)
√
∼
Z
△
= lim
N→∞
√
∼
Z
[N ]
= 1−
∞∑
L=1
βL(ε) + γL(ε)
2
, (13.208)
Zg
△
= lim
N→∞
Z [N ]g = 1 +
∞∑
L=1
αL(ε)
2
. (13.209)
∼
S [Cαµ , η¯α, η
α, Kµα, Lα, g, α] and Γ¯[C
α
µ , η¯α, η
α, Kµα , Lα, g, α] are renormalized action
and generating functional of regular vertex. The generating functional of regular
vertex Γ¯ contains no divergence. All kinds of vertex that generated from Γ¯ are
finite. From eq.(13.205) and eq.(13.206), we can see that we only introduce three
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known parameters which are
√
Z,
√
∼
Z and Zg. Therefore, quantum gauge general
relativity is a renormalizable theory.
From eq.(13.206) and eqs.(13.89 - 13.90), we can deduce that the renormalized
generating functional of regular vertex satisfies Ward-Takahashi identities,
∂µ
δΓ¯
δKµα(x)
=
δΓ¯
δη¯α(x)
, (13.210)
∫
d4x
{
δΓ¯
δKµα(x)
δΓ¯
δCαµ (x)
+
δΓ¯
δLα(x)
δΓ¯
δηα(x)
}
= 0. (13.211)
It means that the renormalized theory has the structure of gauge symmetry. If we
define
Cα0µ =
√
ZCαµ , (13.212)
ηα0 =
√
∼
Zη
α, (13.213)
η¯0α =
√
∼
Zη¯α, (13.214)
Kµ0α =
√
∼
ZK
µ
α , (13.215)
L0α =
√
ZLα, (13.216)
g0 = Zgg, (13.217)
α0 = Zα. (13.218)
Therefore, eqs.(13.205 - 13.206) are changed into
∼
S [C
α
µ , η¯α, η
α, Kµα , Lα, g, α] =
∼
S
[0]
[Cα0µ, η¯0α, η
α
0 , K
µ
0α, L0α, g0, α0], (13.219)
Γ¯[Cαµ , η¯α, η
α, Kµα, Lα, g, α] = Γ¯
[0][Cα0µ, η¯0α, η
α
0 , K
µ
0α, L0α, g0, α0]. (13.220)
Cα0µ, η¯0α and η
α
0 are renormalized wave function, K
µ
0α and L0α are renormalized ex-
ternal sources, and g0 is the renormalized gravitational coupling constant.
The action
∼
S which is given by eq.(13.219) is invariant under the following gen-
eralized BRST transformations,
δCα0µ = −Dα0µ βηβ0 δλ, (13.221)
δηα0 = g0η
σ
0 (∂ση
α
0 )δλ, (13.222)
δη¯0α =
1
α0
ηαβf
β
0 δλ, (13.223)
123
δηµν = 0, (13.224)
where,
Dα0µβ = δ
α
β∂µ − g0δαβCσ0µ∂σ + g0(∂βCα0µ), (13.225)
fα0 = ∂
µCα0µ. (13.226)
Therefore, the normalized action has generalized BRST symmetry, which means
that the normalized theory has the structure of gauge theory.
14 Classical Tests of QuantumGauge general Rel-
ativity
In the above chapters, the quantum gravity is formulated in the traditional frame-
work of quantum field theory, i.e., the physical space-time is always flat and the
space-time metric is always selected to be the Minkowski metric. In this picture,
gravity is treated as physical interactions in flat physical space-time. Our gravita-
tional gauge transformation does not act on physical space-time coordinates, but act
on physical fields, so gravitational gauge transformation does not affect the struc-
ture of physical space-time. This is the physics picture of gravity.
According to above discussions, there is another picture of gravity which is widely
used in Einstein’s general relativity, i.e., the geometrical picture of gravity. For grav-
itational gauge theory, if we treat Gαµ ( or G
−1µ
α ) as a fundamental physical input
of the theory, we can also set up the geometrical picture of gravity[46]. For gravita-
tional gauge theory, the geometrical nature of gravity essentially originates from the
geometrical nature of the gravitational gauge transformation. In the geometrical
picture of gravity, gravity is not treated as a kind of physical interactions, but is
treated as the geometry of space-time. So, there is no physical gravitational interac-
tions in space-time and space-time is curved if gravitational field does not vanish. In
this case, the space-time metric is not Minkowski metric, but gαβ (or gαβ). In other
words, Minkowski metric is the space-time metric if we discuss gravity in physics
picture of gravity while metric tensor gαβ ( or gαβ) is space-time metric if we discuss
gravity in geometrical picture of gravity. So, if we use Minkowski metric in our
discussion, it means that we are in physics picture of gravity; if we use metric tensor
gαβ (or gαβ) in our discussion, it means that we are in geometrical picture of gravity.
In one picture, gravity is treated as physical interactions, while in another pic-
ture, gravity is treated as geometry of space-time. But we know that there is only
one physics for gravity, so two pictures of gravity must be equivalent. This equiva-
lence means that the nature of gravity is physics-geometry duality, i.e., gravity is a
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kind of physical interactions which has the characteristics of geometry; it is also a
geometry of space-time which is essentially a kind of physical interactions.
When we discuss quantization and renormalization of quantum gauge general
relativity, it is better to perform all discussions in physics picture of gravity; but
when we discuss classical effects of gravity, it’s convenient for us to perform our dis-
cussions in geometrical picture of gravity. In this chapter, we will discuss classical
tests of gravity and our discussions are in geometrical picture of gravity.
In quantum gauge general relativity, the field equation of gravitational gauge
field is the same as that of the Einstein’s field equation. It is known that, the
Einstein’s field equation for empty space has Schwarzschild solution, it is expected
that the field equation of gravitational gauge field in empty space should also have
Schwarzschild solution. In spherical coordinate system (t, r, θ, φ), the simplest form
of gravitational gauge field which has spherical symmetry is
Cαµ =


u(r) 0 0 0
0 v(r) 0 0
0 0 0 0
0 0 0 0

 . (14.1)
We can prove that, when we select
gu(r) = 1− 1√
1− 2GM
r
, (14.2)
gv(r) = 1−
√
1− 2GM
r
, (14.3)
gravitational gauge field Cαµ given by (14.1) is just the solution of field equation
(5.74) for pure gravitational gauge field. (14.1) is just the Schwarzschild solution in
quantum gauge general relativity. Using relation (5.20), we can get
gαβ =


−1 + 2GM
r
0 0 0
0 1
1− 2GM
r
0 0
0 0 r2 0
0 0 0 r2sin2θ

 , (14.4)
which is the standard Schwarzschild solution in general relativity. We can easily
check that (14.4) is the solution to the field equation (5.97) when T αβ vanishes.
As we have stated above, in the geometrical picture of gravity, gravity is not
treated as physical interactions in space-time. In the geometrical picture of gravity,
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if there is no other physical interactions in space time, any mass point can not feel
any physical forces when it moves in space-time. So, it must move along the curve
which has the least length. Suppose that a particle is moving from point A to point
B along a curve. Define
TBA =
∫ B
A
√
−gµν dx
µ
dp
dxν
dp
dp, (14.5)
where p is a parameter that describe the orbit. The real curve that the particle
moving along corresponds to the minimum of TAB. The minimum of TAB gives out
the following geodesic curve equation
d2xµ
dp2
+ Γµνλ
dxν
dp
dxλ
dp
= 0, (14.6)
where Γµνλ is the affine connection defined by equation (5.33). Eq.(14.6) gives out
the curve that a free particle moves along in curved space-time if we discuss physics
in the geometrical picture of gravity.
Combine Schwarzschild solution (14.4) with the geodesic curve equation (14.6),
theoretical predictions on classical tests of gravity can be obtained. Details on this
calculation can be found in literature [43, 44] and many other standard textbook on
general relativity. Here, I only list the final results. For the deflection of light by
sun, the theoretical prediction is
∆ϕ =
4GM
r0
, (14.7)
where M is the mass of the sun and r0 is the distance of closest approach to the
sun. For the procession of perihelia, the theoretical prediction is
∆ϕ =
6πGM
L
, (14.8)
where L is the semilatus rectum. For the time delay of radar echo, the theoretical
prediction is
(∆t)max ≃ 4GM
{
1 + ln
(
4r1r2
R20
)}
, (14.9)
where r1 and r2 are the distances from the center of the sun to the radar antenna on
earth, and the point on Mercury’s surface closest to the earth, and R0 is the radius
of the sun.
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For the precession of orbiting gyroscope, quantum gauge general relativity should
also give out the same theoretical predictions as that of Einstein’s general relativ-
ity. In fact, quantum gauge general relativity and Einstein’s general relativity should
have the same classical effects of gravitational interactions, and they should give out
the same theoretical predictions on any phenomenon which belongs to the classical
effects of gravitational interactions, they have the same post-Newtonian approxima-
tion.
Robertson-Walker metric is a solution of Einstein’s field equation, so it is also
the solution of the field equation of gravitational gauge field in quantum gauge gen-
eral relativity. It is known that, in general relativity, the cosmological model is
dominated by classical gravitational interactions. Because quantum gauge general
relativity has the fundamental laws of classical gravitational interactions as those of
general relativity, so it will give out the same cosmological model as that of general
relativity. All traditional calculations on cosmological model can be copied to the
present model without any changes on the final results.
15 Quantum Effects of Gravitational Interactions
Quantum gauge general relativity can not only explain classical effects of gravita-
tional interactions, but also explain quantum effects of gravitational interactions.
Up to now, we know that there are two quantum effects of gravitational interactions
which had already been detected by experiments, that is, gravitational phase effects
and gravitational shielding effects. In this chapter, we will discuss these two effects.
First, let’s discuss gravitational phase effects. According to above discussions,
the equation of motion of a Dirac particle in gravitational field is
(γµDµ +m)ψ = 0. (15.1)
If electromagnetic interactions are considered, this equation of motion will be changed
into
[γµ(Dµ − ieAµ) +m]ψ = 0. (15.2)
Its non-relativistic limit gives out
iD0Ψ =
[
1
2m
(−i →D −e
→
A)2 +mgC00 − eA0
−g
2
→
Σ ·
→
B
0
+ e
2m
→
Σ ·
→
Be +
ig
2
→
α · →E
0
− ie
2m
→
α · →Ee
]
Ψ,
(15.3)
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where
αi = −γ0γi, (15.4)
Ei = F0i = E
α
i Pˆα, (15.5)
Eei = A0i, (15.6)
Bi = −1
2
εijkFjk = B
α
i Pˆα, (15.7)
Bei = −1
2
εijkAjk. (15.8)
In equation (15.3), the term mgC00 gives out the gravitational phase effects detected
by COW experiments[36, 37, 38]. For COW experiments, the phase difference given
this term is
δφ = −
[
4πλgm2
h2
L2tanθ
]
sinα, (15.9)
where λ is the wave length, g gravitational acceleration, m is the mass of test par-
ticle (for COW experiments, m is the mass of neutron), 2L is the distance between
the first and the last crystal plate, θ is the Bragg angle of the crystal and α is the
angle between the neutron interferometer and the horizontal plane. This result is
strictly confirmed by COW experiments[36, 37, 38].
Another quantum effect of gravitational interactions is gravitational shielding ef-
fects which is first detected by E.E.Podkletnov and R.Nieminen in 1992. In Podklet-
nov experiments, a specially made ceramic superconductor with composite structure
has revealed weak shielding properties against gravitational force. From the point
of view of quantum gauge theory of gravity, the nature of gravitational shielding
effects is exponentially decreasing of gravitational field in inhomogeneous vacuum
of scalar field after spontaneous symmetry breaking[42].
In gauge theory of gravity, the lagrangian that describes the gravitational gauge
interactions of complex scalar field is
L0 = −ηµν(Dµφ)(Dνφ)∗ − V (φ)
− 1
16
ηµρηνσgαβF
α
µνF
β
ρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ
+1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ,
(15.10)
where V (φ) is the potential of scalar field
V (φ) =
1
2
µ2|φ|2 + λ
4
|φ|4, (λ > 0). (15.11)
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The full Lagrangian of the system is
L = J(C) · L0, (15.12)
When µ2 < 0, the origin φ = 0 will become a local maximum and the symmetry
of the system will be spontaneously broken. After symmetry breaking, the physical
vacuum moves to φ0
|φ0| =
√
−µ
2
λ
. (15.13)
φ0 is the vacuum of the complex scalar field, generally speaking, it is required that
φ0 is even distributed in microscopic scale, so that there is no quantum excitation,
otherwise φ0 is not a classical state, but a quantum state. But on the other hand,
|φ0|2 represents Cooper pairs density in superconductor, and generally speaking,
Cooper pairs density is not a constant in macroscopic scale, so φ0 can not be a
constant in macroscopic scale. So, in this paper, our basic hypothesis on the physical
vacuum φ0 is that it is a classical state, it is even distributed or a constant in
microscopic scale and it is a function of space-time coordinates in macroscopic scale.
In a word,
φ0 = φ0(x). (15.14)
φ0 is a classical state, it has no quantum excitation, though it is space-time depen-
dent. After symmetry breaking, the scalar field becomes
φ(x) = ϕ(x) + φ0. (15.15)
ϕ(x) is the quantum scalar field after symmetry breaking, which represents the small
perturbations around physical vacuum φ0.
After symmetry breaking, lagrangian becomes
L0 = −ηµν(Dµϕ)(Dνϕ)∗ − ηµν(Dµϕ)(Dνφ0)∗ − ηµν(Dµϕ)∗(Dνφ0)
−ηµν(Dµφ0)(Dνφ0)∗ − V (ϕ)− 116ηµρηνσgαβF αµνF βρσ
−1
8
ηµρG−1νβ G
−1σ
α F
α
µνF
β
ρσ +
1
4
ηµρG−1να G
−1σ
β F
α
µνF
β
ρσ,
(15.16)
where V (ϕ) is the potential of scalar field
V (ϕ) =
λ
4
|ϕ|4 + λ
2
|ϕ|2(ϕ∗φ0 + ϕφ∗0)−
µ2
2
|ϕ|2 + λ
4
(ϕ∗2φ20 + ϕ
2φ∗20 )−
µ4
4λ
. (15.17)
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There are two important properties which could be seen from the above lagrangian.
Firstly, when the vacuum φ0 is space-time dependent, it can directly couple to quan-
tum field ϕ. In other words, in the place where ∂µφ0 does not vanish, vacuum state
φ0 can directly excite quantum scalar state, so it can be considered to be an external
source of scalar field. Secondly, when the vacuum φ0 is space-time dependent, it will
couple to gravitational gauge field. But this interaction is completely in the classical
level. In other words, it is also an external source of gravitational gauge field.
The field equation of gravitational gauge field in the superconductor is
∂µ(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ) = −gT νgα,
(15.18)
where T νgα is the gravitational energy-momentum tensor
T νgα = η
µν(Dµϕ
∗)∂αϕ+ ηµν(Dµφ∗0)∂αϕ+ η
µν(Dµϕ)∂αϕ
∗ + ηµν(Dµφ0)∂αϕ∗
+ηµν(Dµϕ
∗)∂αφ0 + ηµν(Dµφ∗0)∂αφ0 + η
µν(Dµϕ)∂αφ
∗
0 + η
µν(Dµφ0)∂αφ
∗
0
− ∂L0
∂DνC
β
µ
∂αC
β
µ +G
−1ν
α L0 −G−1λβ (∂µCβλ ) ∂L0∂∂µCαν
−1
4
ηλρηνσ∂µ(gαβC
µ
λF
β
ρσ)− 14ηνρ∂β(CσλG−1λα F βρσ) + 12ηνρ∂α(CσλG−1λβ F βρσ)
+ 1
4g
ηλρ∂µ[(G
−1ν
β G
−1σ
α G
µ
λ − δνβδσαδµλ)F βρσ]
− 1
2g
ηλρ∂µ[(G
−1ν
α G
−1σ
β G
µ
λ − δναδσβδµλ)F βρσ]
−1
4
ηκρG−1νβ G
−1λ
α G
−1σ
γ F
β
ρσF
γ
κλ +
1
2
ηκρG−1νγ G
−1λ
α G
−1σ
β F
β
ρσF
γ
κλ
−1
8
ηµρηλσgαγG
−1ν
β F
β
ρσF
γ
µλ.
(15.19)
In fact, when we deduce the field equation of gravitational gauge field from least
action principle, the original field equation that we obtained is
J(C) · ∂µ
(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα
+1
4
ηµρF νρα − 12ηµρδναF βρβ + 12ηνρδµαF βρβ
)
= −gJ(C)T νgα,
(15.20)
Because J(C) does not vanish, we can be eliminate it from the above equation to
obtain the field equation eq.(15.18). Now, in order to obtain correct gravitational
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shielding effects, we need to start our discussions directly from eq.(15.20), which can
be changed into another form
∂µ
(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα − 12ηµρδναF βρβ + 12ηνρδµαF βρβ
)
= −gJ(C)T νgα + (1− J(C))∂µ
(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα
−1
2
ηµρδναF
β
ρβ +
1
2
ηνρδµαF
β
ρβ
)
(15.21)
The equation of motion of complex scalar field is
ηµνDµDνϕ− µ22 ϕ = −ηλν(∂µGµλ)Dνϕ− ηµνDµDνφ0
−ηλν(∂µGµλ)Dνφ0 − gηµνG−1κα (DµCακ )Dνϕ
−gηµνG−1κα (DµCακ )Dνφ0 − λ2ϕ∗(ϕ+ φ0)2 − λ2ϕ2φ∗0.
(15.22)
This field equation can be changed into another form(
ηµν∂µ∂ν − µ
2
2
)
ϕ = −ηµνDµDνφ0−ηλν(∂µGµλ)Dνφ0−gηµνG−1κα (DµCακ )Dνφ0+ · · · .
(15.23)
From the right hand side of the above equation, we can see that when the vacuum
of the complex scalar field is not a constant, it will become source of quantum scalar
field ϕ. In other words, inhomogeneous vacuum will excite quantum states.
After some complicated calculations, the field equation (15.21) can be changed
into the following form
∂µ
(
1
4
ηµρηνσgαβF
β
ρσ − 14ηνρF µρα + 14ηµρF νρα − 12ηµρδναF βρβ + 12ηνρδµαF βρβ
)
= −gNνα + g2MνµαβCβµ + · · · ,
(15.24)
where
Nνα = δ
ν
α[−ηµλ(∂µφ0)(∂λφ∗0) + µ
4
4λ
]
+ηµν(∂µφ0)(∂αφ
∗
0) + η
µν(∂µφ
∗
0)(∂αφ0),
(15.25)
Mνµαβ = (δ
µ
αδ
ν
β + δ
µ
βδ
ν
α)[η
ρλ(∂ρφ0)(∂λφ
∗
0)− µ
4
4λ
]
+(ηµνδλβ − ηλνδµβ)[(∂λφ0)(∂αφ∗0) + (∂λφ∗0)(∂αφ0)]
−δναηµλ[(∂λφ0)(∂βφ∗0) + (∂λφ∗0)(∂βφ0)].
(15.26)
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From above expressions, all terms in Nνα and M
νµ
αβ are classical quantities, so N
ν
α
and Mνµαβ themselves are classical quantities. Therefore, the first two terms of the
right hand side of eq.(15.24) do not represent interaction terms. The first term
is the source of gravity in superconductor, and the second term is mass term of
gravitational gauge field. In fact, from eq.(15.25), we can see that Nνα is just the
energy-momentum tensor of the vacuum of complex scalar field, which is the source
of gravitational gauge field. But, because the coupling constant of gravitational
interactions is extremely small and the total energy in a superconductor is finite,
the magnitude of total gravitational gauge field generated by energy-momentum of
the superconductor is many orders smaller than that of the gravitational gauge field
generated by the earth. In experiments, we can neglect the gravity generated by the
superconductor itself. So, Nνα has no contribution to gravitational shielding effects.
We neglect this term for the moment.
Let’s turn to the second term of the right hand side of eq.(15.24). It is a mass
term, but it is not a constant mass term, so it is a variable mass term or local
mass term. At different positions, Mνµαβ has different values. It is known that, in
vacuum space, graviton is massless and gravitational force are long range force.
But in superconductor, gravitational gauge field obtain a small mass term, so in
superconductor, gravitational force decreased exponentially, which is the nature of
gravitational shielding effects.
Selecting harmonic gauge (11.3), equation (15.24) can be changed into
1
4
ηνσηαβ∂
µ∂µC
β
σ +
1
4
∂µ∂µC
ν
α −
1
4
δνα∂
µ∂µC
β
β = g
2MνµαβC
β
µ + · · · . (15.27)
For earth’s gravitational gauge field, in post-Nowtonian approximation, we have the
following leading order results
gC00 = φe = −GMr
gC ij = −δijφe,
(15.28)
where φe is the gravitational potential generated by earth. For Podkletnov exper-
iments, the dominant component of earth’s gravitational gauge field is C00 , which
corresponds to classical Newton’s gravity. So, in order to explain gravitational
shielding effects quantitatively, we need to study the propagation of gravitational
gauge field C00 in superconductor. For earth’s gravitational field C
α
µ , it is static,
so we can set all time derivative of Cαµ to zero. From field equation (15.27), the
following field equation can be obtained
∇2φe = g2(M0000 −M0i0i )φe, (15.29)
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where
M0000 = 2|∇φ0|2 + 2V (φ0), (15.30)
M0i0i = |∇φ0|2 − |
·
φ0 |2 + V (φ0), (15.31)
M0000 −M0i0i = |∇φ0|2 + |
·
φ0 |2 + V (φ0), (15.32)
and the contribution from N00 is neglected. Now, the mass term becomes very simple
form. In ordinary superconductor, the Cooper pair density is almost a constant and
space gradient of φ0 is almost zero. In this case,
M0000 = V (φ0) = −
µ4
4λ
. (15.33)
After omitting contribution from N00 , the field equation (15.29) becomes
∇2φe = −g
2µ4
4λ
φe. (15.34)
Selecting spherical coordinate system. For the earth’s gravitational field, φe is ap-
proximately a function of r coordinate. In this case, the general solution of eq.
(15.34) is
φe(r) =
c1
r
cos
(√
g2µ4
4λ
(r − r0)
)
+
c2
r
sin
(√
g2µ4
4λ
(r − r0)
)
, (15.35)
where r0 is the position of the lower surface of superconductor. Generally speaking,
g2µ4
4λ
is a extremely small quantity, in a small region of ordinary superconductor, we
have
φe(r) ≈ c1
r
. (15.36)
That is, ordinary superconductor almost have no effects on earth’s gravitational
field, or it shows no gravitational shielding effects. But for Podkletnov experiment,
φ0 is not a constant, |∇φ0|2 and |
·
φ0 |2 are many orders larger than 2V (φ0), so the
dominant contribution of M0000 is |∇φ0|2+ |
·
φ0 |2 and it becomes a positive quantity.
In this case, |∇φ0|2 + |
·
φ0 |2 is not a constant. Denote g2(M0000 −M0i0i ) by m2g
m2g = g
2(M0000 −M0i0i ) = g2
(
|∇φ0|2 + |
·
φ0 |2
)
, (15.37)
and omit the influence from N00 , then the above field equation (15.27) becomes
∇2φe = m2gφe. (15.38)
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The general solution of the above equation is
φe(r) = c1
e−mg(r−r0)
r
+ c2
emg(r−r0)
r
. (15.39)
In Podkletnov experiment, c2 vanishes and earth’s gravitational field decrease expo-
nentially
φe(r) = c1
e−mg(r−r0)
r
. (15.40)
That is, the earth’s gravitational field decrease exponentially in inhomogeneous su-
perconductor. Suppose that the thickness of the gravitational shielding region is
∆r0 and mg denotes the average value of the mass of graviton in this region, then
the relative gravity loss in the upper surface of the superconducting disk is
ε ≈ mg∆r0. (15.41)
The Newton’s gravitational constant is
G =
g2
4π
, (15.42)
so
m2g = 4πG(|∇φ0|2 + |
·
φ0 |2). (15.43)
Obviously, increase space gradient or un-stability of φ0 will increase mg, and there-
fore increase gravitational shielding effects. According to this spirit, the key struc-
ture of the ceramic superconductor disk in Podkletnov experiment is that is has
three zones with different crystal structure and the gravitational shielding effects
mainly come from the transition part of the disk, which is consists of randomly
oriented grains with typical sizes between 5 and 15 µm. The key step in the experi-
ment is the rotation of the disk and strong disturbance from outside high frequency
magnetic field. In the experiment, the upper layer of the disk is superconducting,
while the lower layer is not. There is a transition region between the tow layers.
The upper part of the transition region is partially in superconducting, some part of
the transition region is critical, while the lower part of the transition region is not
superconducting. Because of the granular structure of the lower part, the Cooper
pair density is strongly inhomogeneous, the supercurrent is strongly unstable and
the space gradient of φ0 will be large. The supercurrent is disturbed by a high
frequency magnetic field, which will increase the time derivative of φ0. A rough
estimation shows that the present model can semi-quantitatively explain the gravi-
tational shielding effects in Podkletnov experiments[42].
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16 Discussions
In this paper, a renormalizable quantum gauge general relativity is formulated in
the framework of quantum gauge theory of gravity, where gravity is treated as a
kind of physical interactions and space-time is always kept flat. This treatment
satisfies the fundamental spirit of traditional quantum field theory, and go along
this way, four different kinds of fundamental interactions can be unified on the same
fundamental baseline[31, 32, 33]. The most advantage of this approach is that the
renormalizability of the quantum gravity is easy to be proved. Its transcendental
foundation is gauge principle, not equivalence principle and the principle of general
covariance. Gravitational gauge interactions is determined by gauge symmetry. In
other words, the Lagrangian of the system is determined by gauge symmetry. Using
the langurage of Cartan tetrad, we set up the geometrical formulation of this new
quantum gauge general relativity and to study its geometrical foundation. So, grav-
ity theory has both physical picture and geometrical picture, which is the reflection
of the physics-geometry duality of gravity. Finally, we give a simple summary to the
whole theory.
1. In leading order approximation, the quantum gauge general relativity gives
out classical Newton’s theory of gravity.
2. In quantum gauge general relativity, the field equation of the gravitational
gauge field is just the Einstein’s field equation. In classical level, gauge general
relativity is the same as that of the Einstein’s general relativity.
3. For classical tests of gravity, such as the gravitational red-shift, the perihelion
procession, deflection of light, time delay of radar echo and the procession
of a gyroscope, the gauge general relativity gives out the same theoretical
predictions as that of the Einstein’s general relativity. It also gives out the
same cosmological model as that of the Einstein’s general relativity.
4. quantum gauge general relativity is a perturbatively renormalizable quantum
gravity.
5. Four different kinds of fundamental interactions can be easily unified in a
simple and beautiful way in quantum gauge general relativity.
6. Quantum gauge general relativity can also explain quantum effects of gravita-
tional interactions, such as gravitational phase effects and gravitational shield-
ing effects.
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